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Abstract

We present a distributional approach to theoretical analyses of reinforce-
ment learning algorithms for constant step-sizes. We show that value-based
methods such as TD()) and -Learning have update rules which are con-
tractive in the space of distributions of functions, thus establishing their ex-
ponentially fast convergence to a stationary distribution. The proof method
can be used for many algorithms and simplifies existing arguments for
convergence in distribution. For update rules whose expected target is a
Bellman update, we further demonstrate that the stationary distribution
obtained has a mean which is equal to the true value function in the policy
evaluation setting and which is biased in the control setting. Lastly, we
establish that the stationary distributions concentrate around their means
as the step-size shrinks.

1 Introduction

Basic results in the theory of Markov decision processes (MDPs) and dynamic program-
ming (DP) rely on the two fundamental properties of the Bellman operator: contraction and
monotonicity. For instance, proofs of convergence for value iteration and policy iteration
follow immediately from the contractive properties of the Bellman operators and the Banach
fixed point theorem. However, proving the convergence of sample-based algorithms such as
TD-learning (Sutton, [1988) and Q-learning (Watkins and Dayan, [1992) requires substantially
more effort. The typical stochastic approximation approach relies on hitting-time or martin-
gale arguments to bound the sequence of value function iterates with progressively smaller
regions (see, e.g., Bertsekas and Tsitsiklis, (1996, Section 4.3).

In this work we present a distributional framework for analyzing sample-based reinforcement
learning algorithms. Rather than consider the evolution of the random point estimate
produced by the learning process, we study the dynamics of the distribution of these point
estimates. As a concrete example, we view the TD(0) algorithm as defining a sequence of
random iterates (V,)nen satisfying the distributional equation

Vi1 (s) 2 (1 — a)Vi(s) + a (R(s, A) +Vi(5"), (1)

where s is the initial state and (A, R, S) is the random action-reward-next-state transition
sampled from the underlying MDP.
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We study the constant step-size case. Our main contribution is to show that, for a variety of
algorithms, the random iterates converge in distribution to a fixed point of the corresponding
distributional equation, even though the random point estimate may not converge. We
further characterize this fixed point, showing that it depends on the step-size, the MDP, and
the specific update rule under consideration. Following a proof technique of (Dieuleveut,
Durmus, and Bach, 2017), we lift these stochastic algorithms to the distributional setting
and view the learning process as defining a time-homogeneous Markov process over the
space of value functions.

We find that many sampling-based algorithms (e.g. TD()), Q-learning, and double Q-
learning) induce corresponding distributional operators which are contraction mappings in
the Wasserstein metric. In other words, the contraction property of the Bellman operators
can be regained by lifting to the space of distributions. The contraction coefficient depends
on the discount factor, as usual, but also on the step-size: updates with smaller step-sizes
converge more slowly to their distributional fixed point. TD(0), for example, is a contraction
mapping with coefficient 1 — o + avy.

By recovering the contraction property that underlies many dynamic programming algo-
rithms, our distributional analysis significantly simplifies existing proofs of convergence for
stochastic RL algorithms, at least for constant step-sizes. Our approach easily allows us to
quantify the limiting behaviour of these algorithms; the same tool even provides us with
confidence bounds over the true value function. We believe this type of analysis should
prove useful going forward, including for the study of reinforcement learning with function
approximation.

2 Background

We write &2(X) for the set of probability distributions on a space X. We consider an agent
interacting with an environment modelled as a finite Markov decision process (S, 4, R, P, 7).
As usual, S is a finite state space, A is a finite set of actions, R : S x A — ([0, Rmax])
is a bounded reward distribution function, P : S x A — Z(S) is a transition distri-
bution function, and v € [0,1) is a discount factor. The strategy of the agent is cap-
tured by a policy 7 : § — Z(A). The value function v™ : S — R of a policy = is
the expected discounted sum of rewards observed when starting at state s and follow-
ing policy m. The value function is the fixed point of the Bellman operator 7™ defined
by T™u(s) = E[r(s,a) +yv(s’) | a ~ 7, s’ ~ P(|s,a)]. The Bellman optimality operator is
defined by 7*v(s) = max, {E [r(s,a) + yv(s')|s’ ~ P(-|s,a)]}. A closely-related object is
the action-value function ¢™: the expected discounted return of first taking action ¢ and
thereafter following policy 7. The action-value function satisfies the Bellman equations
q"(s,a) = T"¢"(s,a) and ¢*(s,a) = T*q¢*(s,a), where T™q(s,a) and T*q(s,a) are de-
fined analogously to the value function case (we refer the reader to Sutton and Barto,
1998 for more information). The Bellman operators for value functions (resp. action-
value functions) are contractions on RIS/ (resp. RIS!*I4l) with respect to the infinity norm
[lvo]| == ||v]| o, = max; |v;| (Puterman,|1994).

Couplings and the Wasserstein Metric To establish convergence in distribution, we will
use the Wasserstein metric W between distributions (Villani, 2008). As a cost function, we
use the infinity norm. For two distributions u, v € Z?(R™), a pair of random variables (X,Y")
is a coupling of (u,v) if X ~ pand Y ~ v. We write E(u, v) for the set of such couplings.
The Wasserstein metric on &7(R™) with the infinity norm as a cost function is defined as:
W(p,v) = inf E[X -Y_]- 2

(wv)= it E [ )
The metric is defined over the set M(R") = {u € 2(R"): [ ||lz]|,, p(dz) < 400} of mea-
sures with finite first moment.

3 Markov Processes on the Space of Functions

With many value-based RL algorithms, the stochasticity of the algorithm depends only on
the sampled transition and the random current estimate. For example, recalling the update



rule for TD(0) (Equation (I)), the value of V,,;1(s) for a particular state is fully determined
by knowledge of V;, and the action, reward, and successor state which was sampled from s:

]P){‘/;L—‘rl ‘ Vnavn—lw-'vma‘/()} = ]P){Vn—‘rl | VTL} .

We therefore view these methods as inducing Markov processes on the space of value
functions. We take their state space to be R!S| when modelling value functions or RIS!<I4|
when modelling action-value functions. When results hold for both cases, we will write the
discussion in terms of R", n € N. Whenever needed, we may also restrict ourselves to the

subset of realizable functions [0, Ii"f*;]” C R™

The transition function for an induced Markov process is as follows. Given f;, € R", let
fr+1 be the random function obtained by a sample-based update rule. For a Borel set
B € Borel(R™), we define the Markov kernel K as:

K(fx,B) = P{fr+1 € B|fr}-

This Markov kernel describes the probability of transitioning from f;, to some function in the
set B under the update rule. For a given probability measure . € &(R"), the distribution of
functions after one transition of the Markov process is given by

nK(B) = [ K(0,B)u(d6).

A probability measure v is a stationary distribution for a Markov process with kernel K if
1 = K. An algorithm updates synchronously when all states or state-actions pairs are
updated at every iteration. In the regime of constant step-sizes and synchronous updates
the Markov kernels are time-homogeneous (or time-independent).

Stochastic operators We provide a general formalism for the analysis of stochastic update

rules. We call stochastic operator any mapping T : R" x  — R™ between functions which
depends on a randomly sampled event w in some probability space 2. We will write a
number of stochastic, value-based algorithms as

far = (1= a) fy +aT (fo,w), 3)

where f,, fnt1 € R™ are functions, « is a step-size, and T is some algorithm-dependent
stochastic operator. We say that T is an empirical Bellman operator if it behaves like a Bellman
operator in expectation over the samples: E,[T(f,w)] = 77 f. Similarly, 7 is an empirical
Bellman optimality operator if E, [T (f,w)] = T*.

4 Convergence to a Stationary Distribution

In this section we demonstrate that common value-based algorithms converge to a stationary
distribution when updated synchronously and with constant step-sizes. To illustrate our
approach, we provide a proof of convergence for TD(0). With the same proof method, we also
establish convergence and give convergence rates for Monte Carlo evaluation, ()-Learning,
TD(A), SARSA, Expected SARSA, and Double Q-Learning (Hasselt, 2010). The proofs for
these other algorithms are given in Appendix[A]

Recall the update rule of the synchronous TD(0) algorithm given by Equation (I). We
initialize with any Vj drawn from an arbitrary distribution of finite first moment.

Theorem 4.1. For any constant step size 0 < « < 1 and initialization Vi ~ pg € M(R|5|), the
sequence of random variables (V,,),,>o defined by the recursion (1) converges to a unique stationary
distribution ¢, € M(RISI).

Proof. Let uV), u® € M(RIS!) be two initial distributions of function estimates, and K, the

Markov kernel induced by (1)) for step-size . Let Vo(l) ~ p, Vo(z) ~ p? be the coupling
which minimizes the Wasserstein metric W(u™"), u(?)), i.e. such that

WD, u®) = it BIX -V =E |57 - V]



Such a coupling always exists (Villani, 2008, Theorem 4.1). To show that the map p — pK,

is a contraction with respect to JV, we couple the updates (Vl(l), 1(2)) to sample the same

transitions for each s:

Vi (s) = (1= )iV (s) +a (r+ 7)) a ~n(]s),
for the same r ~ R(:|s, a), 4)
V() = (1= Vi () +a (r+9%2 () s/ ~P(s,a).

Since the marginal distributions of Vl(l) and Vl(z) correspond to the distributions ;Y K,
and 1? K, respectively, this is a valid coupling. We upper bound W(u" K,,, u® K, ) with
the coupling above. We write 7A'”(V, (as,7s,85))(s) = rs + ¥V (s}) for the empirical Bellman
update, where the subscript emphasizes the dependence on s. Then:

WD Ko, p P Ka) < E [V - V2]

< (=R [V - V2] + B 177 () - T I] . )

We note that the expectation is over the pair (Vo(l), VO(Q)) as well as the random samples
as,Ts, s, for each s. By our coupling construction,

E[I77(V") = T ()] = B [max|(r, — r) + 5 (Vi (s1) = Vi ()]

S

=1 [max| Vi (s1) = Vi (51)]
<HE [msax|VO(1)(s) — Vo(z)(s)\] =W, 1) (6)
Using Equation (6) in Equation (5) gives:

WD Ko, p P Ka) < E[(1 - a)lIVED = V2 + an vy = v
= (1 —a+ayW(ph, ™).

Since 1 — a + ay < 1, the kernel K|, is a contraction mapping. Lastly, M(RIS!) metrized

with W is a complete metric space (Villani, 2008, Theorem 6.16), and therefore it follows

from Banach'’s fixed point theorem that (©K7}), >0 converges to a unique fixed point PaP©

for any initial distribution ;1 € M(R!S!). The distribution e is a stationary distribution

by the fixed point property:
ZZJ,ED(O)Ka _ Q/J(ED(O) 0

As evidenced by the above, lifting the analysis to distributions over value functions greatly
simplifies the proof. The key is in the choice of a proper coupling. The same technique
extends to a broad class of algorithms, with relatively few modifications. This avoids, for
example, the additional hurdles caused by the greedy probability kernel in Q-learning (Tsit-
siklis,[1994). We further note some expected connections with distributional reinforcement
learning (Bellemare, Dabney, and Munos, 2017). For a = 1, the fixed point of TD(0) is in
fact Bellemare, Dabney, and Munos’s return distribution. The same coupling, which forces
two processes to sample the same transitions, has also been implicitly used to study the
behaviour of distributional algorithms (Lyle, Castro, and Bellemare, |[2019).

To demonstrate the power of the approach, we summarize in Table [I|a series of results
regarding common sampling-based RL algorithms. Under similar conditions to Theorem
each algorithm listed in Table[T|converges to a stationary distribution (which is in general
different for different algorithms, as we show in the next section). Each proof only requires
small adjustments to the basic proof template, for example an extended state space (Double
Q-Learning). Full details, along with the proof template, are given in Appendix[A]



MC Evaluation TD(A) (Expected) SARSA QL Double QL

Contraction 1—«a 1—a+ay 11:;7 1—a+ay l—a+ay 1@2-a+ay)

Table 1: Different update rules which are contractive in W over distributions of value
functions. We provide the corresponding contraction factor. All algorithms converge for
any « € (0, 1]. Acronyms: Monte Carlo (MC), Q-Learning (QL).

5 Characterizing the Stationary Distributions

In this section, we characterize the stationary distributions which are attained by any algo-
rithm whose target is, in expectation, a Bellman operator or Bellman optimality operator. As
before, we write the discussion in terms of R" since results will hold for both value functions
and action-value functions.

What do these distributions look like? We first consider the case of policy evaluation
algorithms, which have as expected operator 7. In that case, their mean corresponds to
the fixed point of 7™, i.e. the functions v™ or ¢”. Second, they concentrate around this mean
in inverse proportion to the step-size a. Hence, small step sizes lead to a more accurate
distribution at the cost of a larger contraction factor. The full distributions are not symmetric
or easily described, however; as a simple example, take oo = 1 in TD(0), corresponding to
the return distribution (Bellemare, Dabney, and Munos, 2017). Proofs for this section are
provided in Appendix

Sample-based Evaluation Algorithms The following characterization will hold for any
algorithm which converges and performs Bellman updates in expectation.

Theorem 5.1. Suppose T is such that the updates (3)) with step-size o converge to a stationary

distribution 1. Assume that T™ is an empirical Bellman operator for some policy , and let f™ is
the fixed point of T™. Then
Efunpalfol = 7.

The effects of the specific update rules will be reflected in the higher moments of the station-
ary distribution. Thus, we next derive a closed-form expression for the covariance matrix of
the stationary distribution.

Theorem 5.2. Let 7™ bean empirical Bellman operator for some policy m. Suppose T is such that the
updates (3) with step-size o converge to a stationary distribution 1. Define &, (f) = T™(f,w)—=T" f

to be the zero-mean noise term for a given function f and C(f) = Eu, [ u(f)Eu(f)T] to be its
covariance. The covariance of fo, ~ g is given by

(1= 1= a)’E [(fa = F)fa = )] = (PTE [(fa = [T)(fa = )] (PT)T
+a(l—a)(yPIE [(fo = f1)(fo = fT)T]
+al—a)E [(fa = f1)(fa = /O] (P)T

+ a2 / Cf)ba(df).

The integral in the final line corresponds to the expected covariance of the empirical Bellman
operator when sampling from the MDP under the sampling distribution. As a corollary,
we show that the distribution concentrates around its mean when « is close to 0. We write
[Allgp = sup {[[Av]| : [Jv]| < 1,v € R"} for the operator norm of a matrix A.

Corollary 5.2.1. Assume that the state space of the Markov process is bounded. Let C := (21%“‘;';’()2

Then, we have that |E [(fo — f™)(fa — f™)7] Hop is monotonically decreasing with respect to av. In
particular, ima o ||E[(fo = f™)(fa — f”)T}HDp = 0, and we have that:

P{min|fa() — /()| 2 £} <



We remark that the boundedness of the state space (e.g. by [0, IiMfAWX]" C R") is easily satisfied
in the presence of a bounded reward function in the MDP.

Sample-Based Control Algorithms Above we saw that the mean of the stationary distri-
bution of a sample-based method using a fixed policy is the value function for that policy.
This no longer holds in the presence of optimality operators, for example in what is called
the control setting (Sutton, 1988).

Theorem 5.3. Suppose T* is such that the updates (3)) with step-size o converge to a stationary
distribution 1. Assume that T* is an empirical Bellman optimality operator and let f* be the fixed
point of T*. Then

Efa”d’; [fa] > f*v

and equality holds if and only if the expectation and the maximum commute, i.e. ET*f=T*Ef.

The theorem shows that in general, sample-based control methods such as Q-learning
produces a biased (in an expected sense) estimate of the optimal @-value, bringing fresh
evidence about the algorithm’s well-known overestimation problem.

6 Related Work

In the constant step-size case, convergence in distribution results are typically derived using
tools common to stochastic approximation theory such as the mean ODE method, Liapunov
functions, and the martingale method (see, e.g., Kushner and Yin (2003, Chapter 8) and
Borkar (2009, Chapter 9)). In RL, examples of constant step-size analyses which feature these
methods include Beck and Srikant (2012), Yu (2016), Lakshminarayanan and Szepesvari
(2017), and Chen et al. (2019). However, our results and methods are different. With the
exception of Yu's work, the above references do not cast the algorithms under consideration
as Markov processes or discuss convergence to a stationary distribution. Furthermore, as far
as we are aware, the result that RL algorithms are contractions on the space of distributions of
functions is novel. The resulting proofs of convergence in distribution using said contraction
properties are therefore simpler than the existing literature.

Some of our methods are similar to the work of Dieuleveut, Durmus, and Bach (2017),
which develops the theory of constant step-size stochastic gradient descent (in the context
of supervised learning). In particular, our proofs in Section are inspired from the proof of
their Proposition 2, and those of Section E]%ollow the methods of their Proposition 3.

7 Conclusion and Future Work

We studied the convergence properties of sample-based reinforcement learning algorithms
by considering how they induce distributions over value functions. Many of these algorithms
are in fact contractive not in the space of functions but in the lifted space of distributions of
functions. The proof methods relies on coupling the events sampled by two executions of the
algorithm, and can be re-used for many algorithms. One of the key results is to make explicit
that constant step-size reinforcement learning algorithms do converge, albeit in the weaker
distributional sense. As an upside of using a constant step size, we obtain exponentially fast
convergence. By controlling the step-sizes, the stationary distributions thus obtained can be
tailored to yield values close to the true value function with high confidence.

Our work opens a number of interesting avenues for future research. First, it would be
valuable to further characterize the stationary distributions obtained by control algorithms.
Second, we did not analyze the case of decaying step-sizes or online updates, which would
correspond to time-inhomogenenous Markov processes. More broadly, the coupling method
has historically been invaluable for many applications in probability theory. It would be
interesting to see if our approach can be applied to policy-based methods, for example policy
gradient or actor- critic type algorithms. Finally, the simplicity of our analysis suggests that
it may be carried to the function approximation setting, perhaps eventually shedding light
on the behaviour of reinforcement learning with nonlinear approximation methods such as
deep networks.
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Appendices

Appendix A Laundry list of other algorithms

We outline the general proof recipe, which will be re-using for the following examples.

Proof strategy
(PD Let u™, 1 be 1n1t1a1 distributions and ( ) be the optimal coupling which
minimizes W(u(Y, u(?);

(P2) Define an appropriate coupling f{" ~ yW K, f*) ~ y K - e.g. by defining them
to follow the same trajectories if the updates sample from the same distributions;

(P3) Use the upper bound WMWK, u?K) < E[Hfl(l)—ff)”} and bound

E [||f1(1) — f1(2)||] < pE {H (1) féz)H} for some p < 1 (usually follows from the
recursive nature of the updates) to show that yx — p K is a contraction.

A1 Convergence of synchronous Monte Carlo Evaluation with constant step-sizes

We prove that Monte Carlo Evaluation with synchronous updates & constant step-size
converges to a stationary distribution. The algorithm aims to evaluate the value function of
a given policy 7 using Monte Carlo returns. The update rule is given by:

VseS: Vppi1(s) = (1 —a)V,(s)+ aGh(s) (MCE)

where G7(s) = >, <0 7" "n(5n, an) is the return of a random trajectory (s,,, an, r'n)n>0 starting
from s, following a,, ~ 7(:|$p), 7 ~ R(-|8n, an), and s, 41 ~ P(-|sp, an).

Theorem A.1. For any constant step size 0 < a < 1 and initialization Vy ~ py € M(RIS)), the
sequence of random variables (V,,),>0 defined by the recursion converges in distribution to a

unique stationary distribution o, € M(RIS].

Proof. Following the proof strategy outlined above, we skip to step (P2) of the proof. We
define the coupling of the updates (Vl(l)7 V1(2)) to sample the same trajectories:

‘/1(1)(3) =(1- O‘)Vo(l)(s) ot } for the same GJ (s) @
() = (1= a)V5™ (s) + aGf (s). o

Note that this is a valid coupling of (¢ K, n? K,,), since Vl(l) (s) and VI(Q) (s) have access
to the same sampling distributions. We upper bound W(uV K, u? K,,) by the coupling
defined in Equation (7). This gives:
W K, n®K,) < E [V - 1/1(2)H]
—E [H 1= o)V + a6 - (1= )V + ag7)

- o)

}

= (1- ) [||vg" - v H} (1= W(u, u®)
Since 1 — a < 1, K, is a contraction mapping and we are done. 0

A.2 Convergence of synchronous Q-Learning with constant step-sizes

We prove that Q-Learning with synchronous updates & constant step-sizes converges to a
stationary distribution. The algorithm aims to learn the optimal action-value function Q*.



The updates are given by:
V(s,0) €S x A: Quials,a) = (1~ a)Qu(s,a) +a (r +ymaxQu(s.a)), QD)

where r ~ R(:|s,a), s’ ~ P(:|s,a), and & > 0.

Theorem A.2. For any constant step size 0 < o < 1 and initialization Qo ~ pio € M(RISIXIAL),
the sequence of random variables (Qy,)n>0 defined by the recursion converges in distribution to
a unique stationary distribution &, € M(RIS!),

Proof. We use the proof outline given above, and jump straight to step (P2). We witness the
same-sampling coupling again:

QP (s,a) = (1= )@ (s,0) + o (7 +ymax Q" (+',a"))

D) = (1 - )@ (5.0) + a (r-+ 7 max Qs )

~ R(s,a),

r
for the same s ~P(|s,a)

The bound follows similarly, but with one additional step. Again we write T(Q)(s,a) =

4y maxy Q(s(, ,,a’) for the empirical Bellman (optimality) operator.

[[F@) - @] =5 s

r—r+7y (ma}x Q(l)(sésya), a') — max Q(z)(sl(s’a), a’)) H

= ~vE |max

s,a

max QW (s(, 5),a') — max Q@ (s, ). a) ”

<9E |max max ‘Q(l)(szsﬂ), a') — Q(Q)(s’(&a),a’)”

s,a a

< ~E |max
| s.a

QW (s,a) - Q‘”(sﬂﬂ = e [Je® -] )

The first inequality follows from |max, Q1(s,a’) — max, Q2(s,a’)] < max.|Q1(s,a’) —
Q2(s,d’)|, and the second inequality follows since QM and Q® sampled the same s’. Con-
cluding the proof as before we see that the kernel is contractive with Lipschitz constant
1+ a— avy < 1, and we are done.

A3 TD()

We prove that TD() with synchronous updates & constant step-size converges to a stationary
distribution. The algorithm aims to evaluate the value function of a given policy 7 using a
convex combination of n-step returns. The update rule is given by:

0o k
Vs : Viga(s) = (1 — @)Va(s,a) + a(l —A) Y A (Z Yir(si,a;) + ’kan(sk)> (TD()))

k=1 i=0
where each n-step trajectory is sampled starting from s and following policy =.

Theorem A.3. For any constant step size 0 < a < 1 and initialization Vo ~ jo € M(RIS)), the
sequence of random variables (V,,)n>o defined by the recursion (TD(A)) converges in distribution to
a unique stationary distribution ¢, € M(R!S!).

Proof. Again, we jump straight to step (P2) of the template given above. We couple every
n-step trajectory to sample the same n rewards, actions, and successors states.

same
(Si , iy T’i)?zo

V& (s) =1 - a)VP(s) +ad—x) Y At (Z yiri(siyai) + v"v,f)(sn)) "

=0

Vk(}r)l(s) =(1- oz)Vk(l)(S) +a(l—N) Z APl <z_: Yiri(si, a;) + ’y"Vk(l)(sn)>

n=1 =0

n=1



By the coupling, the reward terms will cancel in every n-step trajectory. We
write R = S risi, ai) + 'y”Vk(’)(sn) for the n-step return and 7(V)(s) =
e ARTL (Zf:o vir(s;, a;) + 'ka"(sk)> for the empirical Bellman operator of TD()).

E[|70v®) = T(v®) ] = E |max fj AR — i AR
n=1 n=1

=E |max i Ant (R$}> - Rﬁf))
n=1

— FE | max i )\nfl,yn (V(l) (Sn) _ V(z) (Sn))|
n=1

(reward terms cancel)

<E i A"y max ‘ (V(l)(sn) - V(Q)(sn)) ‘
Ln=1 s

(triangle inequality)

< i AT IR [msax ‘V(l)(s) — V(Q)(S)H (by the coupling)

n=1
=

Concluding the proof as before, we have W(uM K, n? K) < (1 —a+ay 11:/\/\v IW (M) ().
1-)

ixy < 1 we are done. O

Since 1 — a + ay

A.4 SARSA with e-greedy policies

In this example we will example the use of e-greedy policies for control. In particular, we
examine SARSA updates with e-greedy policies. Let 7(-|s) be some base policy. The updates
are as follow:

(1 - )Qu(s.a) + a (r(s,a) + YQu(s', ")) wp. ¢

Qr+1(s,a) = {(1 — a)Qx(s,a) + a(r(s,a) +vymax, Qr(s',a’)) wp. 1—¢

(SARSA)

where r ~ R(:|s,a) and s’ ~ P(+|s, a) in both cases and a’ ~ 7(-|s’) in the first case.

Theorem A.4. For any constant step size 0 < a < 1 and initialization Qq ~ o € M(RISI¥IAD),
the sequence of random variables (Q.,)n>o defined by the recursion (SARSA) converges in distribution

to a unique stationary distribution 0, € M(RISI*IAl),

Proof. We jump straight to step (P2) of the proof template. We use the same-sampling

coupling, where le) takes the greedy action if and only if Qf) does. In the non-greedy case,
they sample the same a’ ~ 7(-|s"). In all cases, both functions sample the same (s, a) and s’.

. N + /7 ! e
We write 7(Q)(s,a) = {: + Z?n(;x ?ég'pa’e) wp.1l—¢

The bound follows similarly to the examples of Q-learning and TD(0). We omit the subscripts

10



on the Q-functions.

E|

T(QW) — 7'(@(2))”] = P {greedy action chosen} E {nsla}lxﬂ(m@x QW(s',a') — max Q(s, a')}
+ P {non-greedy action chosen} E {maXh(Q(l) (s',a") — Q¥ (s, d)) @

<o [ -@®[]+ 0 -enm [ - o]
=9E [|QW - Q@]

The bound E [max,,7|(max, QW (s, a’) — maxy QP(s, d)]] < AE [||Q(1) - Q(2)H]
follows from |max, Q1(s,a’) — maxq Q2(s,a’)] < maxy|Qi(s,a’) — Q2(s,a’)|, and
since Q) and Q@ sampled the same s in the greedy case. The bound
E [max, o[v(QW (s',a') — Q¥ (s',a"))|] <E[||QW) — Q@[] follows since Q™) and Q(*) sam-
pled the same state-action pair in the non-greedy case. Concluding the proof as before,

we have that E {HQ(ll) — 2) ||} 1-—a+ay)E {HQED (2) H} and thus the kernel is a
contraction. O

A.5 Expected SARSA with c-greedy policies

In this example we examine the Expected SARSA updates with e-greedy policies. Let 7(:|s)
be some base policy. Define 7.(-|s) as the e-greedy policy which takes the greedy action
with probability 1-¢ and 7 otherwise. The updates are as follow:

Qr+1(s,a) = (1 — @)Qr(s,a) + « (r(s a) + ’yzm 5)Qx(s',a )) (Expected-SARSA)

a/
where r ~ R(-|s,a) and s’ ~ P(:|s, a) in both cases and a’ ~ 7 (-|s’) in the first case.

Theorem A.5. For any constant step size 0 < a < 1 and initialization Qo ~ pio € M(RISI¥IAD),

the sequence of random variables (Q.,)n>o defined by the recursion (Expected-SARSA) converges in

distribution to a unique stationary distribution B, € M(RISIXIAI),

Proof. We jump straight to step (P2) of the proof template. We use the same-sampling
coupling.

We write 7(Q)(s,a) = r4~ Y w T(d'|5)Q(s', a’). The bound follows similarly to the examples
of Q-learning and TD(0). We omit the subscripts on the Q-functions.

R P S )

IN
=

max*yZﬂ NQW(s',a') — Q(Q)(s’,a’ﬂ]

| |

<E H;%X’}/Zﬂ'g QW (s, a') — QP (s, a)
SVEH@l—Q@H

Concluding the proof as before, we have that ]E[HQ(ll) - (12)||} < 1 - a+

av)E ||Q(()1) - Q(()Q) |||, and thus the kernel is a contraction. O
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A.6 Double Q-Learning

In this example we will have to modify our state-space and introduce a new metric on
pairs of Q-functions. The Double ()-Learning algorithm (Hasselt, 2010ﬂ maintains two
random estimates (Q“, Q¥) and updates Q“ with probability p and Q¥ with probability
1 — p. Should Q“ be chosen to be updated, the update is:

Qﬁ%»l(sv (L) = (1 - Oé)Q;?(& a) +a (T(Sa a) + VQE(Sa argmaxa/ Qﬁ(slv a/))) .
Analogously, the update for Q7 is:

Qf+1(8, a)=(1- a)Qf(s, a) + « (r(s, a) + ’ny(s, argmax,, Qf(s’, a’))) .
In both cases, we have s’ ~ P(:|s, a). For this algorithm, the updates are Markovian on pairs

of action-value functions. Thus we set the state space to be RISIXI4l x RISIXIAI We choose
the product metric defined by d1((Q*, Q7), (R4, RP)) = ||Q* — R4|| + ||@® — RB||.

Theorem A.6. For any constant step size 0 < o < 1 and initialization (Q4,QF) ~ no €
M(RISXIAL 5 RISIXIAN the sequence of random variables (Q, QE),,>¢ defined by the Double Q-
Learning recursion converges in distribution to a unique stationary distribution x, € M(RISIXIAl x
RISIxIA]Y,

Proof. Asbefore, let ), 1 M(RISI¥IAL X RISIXIAI) be arbitrary initializations and (QF', QF)
and (R{', RP) be the optimal coupling of W(u(!), 12)). We couple (Q1', Q¥) and (R{!, RY)
to sample the same function to be updated and the same s’. Assume for a moment that Q*
and R are chosen to be updated. Proceeding as in the proof of Q-Learning (cf. Theorem

[A.2), we find that
E[[Qi - &] < 0 - E[[Qq - R[l] + 1B [|Q7" - R7|] -
Analogously, if QF and R® are chosen to updated, we have:
EffjQr - BY|] < (1 - )E[[Q5 - B[] + B [[|Q5 — Ro'[] -
Putting everything together, the full expectation is:
E [d((Q1, Q7). (R, RY))] =E[|QF — RY|| + |7 - RP[]
=P{Aisupdated} E [|Qf — R{| + ||QF — RY||]
+P{Bisupdated} E [||Q{ — R +||QF — RY]
= pE[llQf - R[] + [|o - R
+ (1 -pE[|Qp - Ryl +[|@f - BY|]
<p(1-E[|Q - R[l] + 1+ anE[[Q5 - Ell])
+(1=p) (A +anE[|Qp - Byl + (1 - E [[|Q7 - B7|])
2)

|
<5@2+ay—a) (E[|Q - R[] +E[|QF — EF[]]) =3

N = N

Since 0 < 1/2(2 4+ ay — a) < 1, so we are done. We note that the first equality only follows
O

since, under the coupling, either A or B is updated for both functions.

Appendix B Proofs of Section [5]

Theorem B.1. Suppose T is such that the updates (3)) with step-size o converge to a stationary
distribution 1. If T™ is an empirical Bellman operator for some policy m, then E[f,] = f™ where

fa ~ o and f™ is the fixed point of T™.

This is the original algorithm, not the deep reinforcement learning version given in (van2016deep).
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Proof. Let f; be distributed according to 1),. By stationarity,

fi=(1—=a)fo+aT™(fo,w) ®)

is also distributed according to v,. We write f, := E[fo]. Taking expectations on both sides,
and using stationarity and that E, [T (f,w))] = T™(f) for any f:

fioz = (1 - O‘)fj + a]Ew,fo ﬁ:ﬂ-(f()a W)]
fo= (1= a)fa+aEs[T"(fo)]-
Since T7(-) = R™ 4+ ~P™(-) is an affine operator it commutes with expectation, thus:
fa = Tﬂfj
And therefore f, = f™ since it is the unique fixed point of 7™. O

Theorem B.2. Suppose T is such that the updates (3) with step-size o converge to a stationary
distribution 1), and that T™ is an empirical Bellman operator for some policy . Define

C(f) =E[(T™(fow) — T F)(T™(fow) = T")7]

to be the covariance of the zero-mean noise term Tm(f,w)—T"f for a given function f. Then, the
covariance of fo ~ 1 is given by

(1= A= a))E[(fa = ) fa = 7)) = ?(PTE [(fa = f)(fa = )] (/PT)T
+a(l=a)(yPOE [(fo = f7)(fo — f7)T]
+al=a)E [(fa = f1)(fa = O] (PT)T

+a? [e(puaan
Furthermore, we have that ||E[(fo — f™)(fa — f”)T]HOp is monotonically decreasing

with respect to o, where |||, denotes the operator norm of a matrix.  In particular,
lima—o ||E[(fa = /™) (fa — f’T)T]Hop = 0, and we have that:

P{mjn|fa(i) - [T(@)] > e} 2200 Ve>0

We preface the proof with some useful identities. We will write the covariance in terms of
the tensor product for ease of manipulations

Lemma B.1. Write ¢(f) == (T™(f,w) — T™f). In the same setup as Theorem
E [(f(x - fﬁ)(Tﬂf@ - JMT + g(fo))-r} =E [(fa - fﬂ-)(fa - fﬂ-)T] (V,PW)T

and
E (T fa = J7) + €Ua)) (T fa = ) +€Ua)T] = OPPE [(fa = S)(Fa = )] (P
+ [ caia

Proof. Let fo ~ 1q,by @) wehave fi = (1—a) fo+a(T™ fo+£(fo)) and fi ~ 9. Furthermore,
the distribution of fj is independent of the distribution of w. By independence,

E [(fo = f)E(fo)'] = EgBu [(fo = fM)E(fo)"] (by independence of fo and £(-))
=Ey, [(fo— FM(Eut(fo))T] =0 (Eu[€(f)] = 0 for every f)

13



For the first identity, note that
E[(fo— fT)(T"fo—f")7] = R +9P(fo) = RT = vP™(f™))"]

TP (fo = )7

fo=fM)T(P)T]

The first identity then follows by using E [(fo — f™)&(fo) "] = 0 and linearity of expectations.

For the second identity, expanding the outer product gives:

E[((T™fo = £7) +€Ufo) (T™fo — F7) + €D =E[(T™fo — )T fo = )7
E [(€(fo))(€(fo)T]
E[(T" fo Fo))']

+
+E€ “fo—J")"]

(P (fo = F™) AP (fo = [T))]
/ C(v)ba(d
— (YPOE [(fo = F7)(fo — £7)T) (P
+ [ eatan
where we used E [(T™ fo — f)(¢(fo))T] = 0. 0

Proof (of Theorem[5.2). Again let fy be distributed according to ¢,. Subtracting f™ from
equation (8),
fi=1" =0 =a)(fo— ) +a(T fo— T +&(fo))-

and taking outer products:
(i =)A= =0=a)*(fo— ) (fo— )T
o (T7 fo = 7+ €(f0) (T™ fo = 7 +€(fo))"
+a(l—a)(fo— FT fo— f7+E(fo))T
+a(l=a)(T"fo = f7 +&(fo))(fo— F)T.
Taking expectations on both sides, and using Lemma
E[(fi =) = T =1 = a)’E[(fo = 7)o = )] + &*(yPT)E[(fo — [ (vP)T
+a? [ewua(a)
+a(l = a)(YPME [(fo = 1) (fo = )]
+a(l = a)E [(fo— f)(fo = )] (P7)T

Since E [(f1 — f™)(f1 — f™)T] =E[(fo — f™)(fo — f™)T] by stationarity, re-arranging to the
LHS and factoring gives:

(1= A= a))E[(fa = ) fa = fT)T] = 2(PTE [(fa = f)(fa = )] (PT)T
+a(l—a)(yPOE [(fo = f)(fo— )]
+a(l=a)E [(fa = ) (fa = )] (P)T

+a? / C(fba(df)

14



For the remainder of the proof we re-write the above expression in terms of tensor products.
The tensor product of two vectors x, y is the matrix defined by z ® y = zy". By extension, the
tensor product of two matrices A, B is the operator defined by (A ® B)X = AXBT. Then,
the above expression can be re-written as:
(1= (1= ))E[(fa = ) fa = )] = 2(OPO)PE [(fo = f7)(fa = )]
+a(l=a)(yPT®DE [(fo = f)(fo— )]
+ (1 = ) IYPIE [(fo = fT)(fa = )]

to? / CUa(df).

Factoring the tensor products further gives:

(1= (= )T+ P ] B [(fa = )] = [ €(valdr)

We show that the matrix on the LHS is invertible. By (Puterman, 2014} Corollary C.4) it will
follow from showing that p (((1 —a)l + ayP”)®2) < 1, where p(A) is the spectral radius
of matrix A. Writing |[Al|,, = max; >, |A(i, j)| for the operator norm of a matrix 4, and
using that p(A) < [Allyp, A ® Bllp = [Allyp [Bllopr and [P, = 1]l = 1:

op’ | op’

o (1= )T +ayP[3, < (1—a)+a)® < 1, )
where the last inequality followed since v < 1. Finally, for the limit & — 0, we use the
following identity: if A is such that || — Al| < 1 then [[A7"| < 7. Welet A =

I—((1—a)l +ayP™)®?, by the calculation in (9) we have || — A|| < 1. So we calculate the
operator norm of the covariance matrix:

£ o~ £ = 5] =0 | [T = (1= ) +arP) ] [ elopuaa)

[(@=a)r+ayPr)®

<a?|[r- - ar+arr®] | [ ewpatan
R P _laﬂmpﬂ)mH |/ ewrntar
[ o 0rPr) | | etrian
el TECRD
<o | [ COwn @)

Finally, since C(f) is bounded for all f € R", we have that H J C()ha(dv)|| < M and thus

2

[E[(fo =17 Cfo = )]l < Mi—5 - — a0

For the concentration inequality, we will use a multivariate Chebyshev inequality (Marshall
and Olkin, 1960, Theorem 3.1), whos statement is as follows:

Theorem B.3. Let X = (X1, ..., X,,) bea random vector withEX = 0and E[XT X| = X. Let T =
T U{z: —z € Ty}, where T, C R"isaclosed, convexset. If A= {a € R" : (a,z) > 1Vzx € T} },
then
P{X €T} < inf a'Ya
ac
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Let e > 0. We first bound a" Ya with the operator norm of X. Note that
CLTECL = Zal(ﬂa)z

2
<Y al|Zall < ]Sy, lal
1

We define T, to be the intersection of half-planes the {z|z; > ¢}, so that T = {z|z; > ¢ Vi}.

Since the half-planes are closed and convex, T is also closed and convex since it is an intersec-
tion of closed and convex sets.Then, T'=T} U{z: —z € T} } = {a|z; > e Vior z; < —e Vi}.
Note that z € T <= min,|z;| > . We define X = f, — f™ which has zero-mean. Finally,
Theorem [B.3|states that

_ o < i T < . 2.
P{X €T} =P{foa—f" €T} < inf & Za <n| X, inf [|a]

Note that inf, ||al|® is bounded since a = (-1, L,...,-L)isin A and |a|* = (71%)2 So

ninfuc 4 [|al|> < C for some constant C. From the previous result, we can take the limit of
a = 00f | X, = [[E[(fa = [T)(fa = )] Hop and obtain:

P{fo—f" €T} =P{minlfa(i) = f@O) > e} < C-[E[(fa = )fa = )|, =0

op
O]

Theorem B.4. Suppose T* is such that the updates (3) with step-size o converge to a stationary
distribution %. If T* is an empirical Bellman optimality operator then

Elfal = 7,

where fo, ~ % and f* is the fixed point of T*. Equality holds if and only if the expectation and the
maximum commute, i.e. ET f = TEf

Proof. As before, let f, be distributed according to . Taking expectations on both sides of
fi =0 —a)fo+aT*(fo,w) and writing f, = E[f,] gives:

To = (1= Q) fa + By o [T*(fo, w)]

fa=Eg, [mgx T fol
To > max g, [T ]
To > max TP =TT

By the linear programming formulation of MDPs (Puterman, 1994, Section 6.9.1), we con-
clude that fo, > f* =ming{f > T*f}. O
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