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Abstract

We study discrete-time mean-field Markov games with infinite numbers of agents
where each agent aims to minimize its ergodic cost. We consider the setting where
the agents have identical linear state transitions and quadratic cost functions, while
the aggregated effect of the agents is captured by the population mean of their
states, namely, the mean-field state. For such a game, based on the Nash certainty
equivalence principle, we provide sufficient conditions for the existence and unique-
ness of its Nash equilibrium. Moreover, to find the Nash equilibrium, we propose a
mean-field actor-critic algorithm with linear function approximation, which does
not require knowing the model of dynamics. Specifically, at each iteration of our
algorithm, we use the single-agent actor-critic algorithm to approximately obtain
the optimal policy of the each agent given the current mean-field state, and then
update the mean-field state. In particular, we prove that our algorithm converges
to the Nash equilibrium at a linear rate. To the best of our knowledge, this is the
first success of applying model-free reinforcement learning with function approxi-
mation to discrete-time mean-field Markov games with provable non-asymptotic
global convergence guarantees.

1 Introduction

In reinforcement learning (RL) [99], an agent learns to make decisions that minimize its expected
total cost through sequential interactions with the environment. Multi-agent reinforcement learning
(MARL) [95, 196 21] aims to extend RL to sequential decision-making problems involving multiple
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agents. In a non-cooperative game, we are interested in the Nash equilibrium [82], which is a joint
policy of all the agents such that each agent cannot decrease its expected total cost by unilaterally
deviating from its Nash policy. The Nash equilibrium plays a critical role in understanding the
social dynamics of self-interested agents [4} 5] and constructing the optimal policy of a particular
agent via fictitious self-play [17,37]. With the recent development in deep learning [64]], MARL
with function approximation achieves tremendous empirical successes in applications, including
Go [97, 98], Poker [43] |81], Star Craft [108]], Dota [83]], autonomous driving [94]], multi-robotic
systems [[115]], and solving social dilemmas [29] 65} [54]. However, since the capacity of the joint
state and action spaces grows exponentially in the number of agents, such MARL approaches become
computationally intractable when the number of agents is large, which is common in real-world
applications [93} 23] |1 11]].

Mean-field game is proposed by [50} 52, 161563] with the idea of utilizing mean-field approximation
to model the strategic interactions within a large population. In a mean-field game, each agent has
the same cost function and state transition, which depend on the other agents only through their
aggregated effect. As a result, the optimal policy of each agent depends solely on its own state
and the aggregated effect of the population, and such an optimal policy is symmetric across all the
agents. Moreover, if the aggregated effect of the population corresponds to the Nash equilibrium,
then the optimal policy of each agent jointly constitutes a Nash equilibrium. Although such a Nash
equilibrium corresponds to an infinite number of agents, it well approximates the Nash equilibrium
for a sufficiently large number of agents [L1]. Also, as the aggregated effect of the population
abstracts away the strategic interactions between individual agents, it circumvents the computational
intractability of the MARL approaches that do not exploit symmetry.

However, most existing work on mean-field games focuses on characterizing the existence and
uniqueness of the Nash equilibrium rather than designing provably efficient algorithms. In particular,
most existing work considers the continuous-time setting, which requires solving a pair of Hamilton-
Jacobi-Bellman (HJB) and Fokker-Planck (FP) equations, whereas the discrete-time setting is more
common in practice, e.g., in the aforementioned applications. Moreover, most existing approaches,
including the ones based on solving the HIB and FP equations, require knowing the model of dynamics
[7], or having the access to a simulator, which generates the next state given any state-action pair and
aggregated effect of the population [41], which is often unavailable in practice.

To address these challenges, we develop an efficient model-free RL approach to mean-field game,
which provably attains the Nash equilibrium. In particular, we focus on discrete-time mean-field
games with linear state transitions and quadratic cost functions, where the aggregated effect of the
population is quantified by the mean-field state. Such games capture the fundamental difficulties
of general mean-field games and well approximates a variety of real-world systems such as power
grids [[78]], swarm robots [35, 3} [33]], and financial systems [[121} 47]]. In detail, based on the Nash
certainty equivalence (NCE) principle [52, 51]], we propose a mean-field actor-critic algorithm
which, at each iteration, given the mean-field state i, approximately attains the optimal policy 7,
of each agent, and then updates the mean-field state ; assuming that all the agents follow 7. We
parametrize the actor and critic by linear and quadratic functions, respectively, and prove that such a
parameterization encompasses the optimal policy of each agent. Specifically, we update the actor
parameter using natural policy gradient [[13} 156, 88] and update the critic parameter using primal-dual
gradient temporal difference [100, [101]]. In particular, we prove that given the mean-field state y, the
sequence of policies generated by the actor converges linearly to the optimal policy 7;,. Moreover,
when alternatingly update the policy and mean-field state, we prove that the sequence of policies
and its corresponding sequence of mean-field states converge to the unique Nash equilibrium at
a linear rate. Our approach can be interpreted from both “passive” and “active” perspectives: (i)
Assuming that each self-interested agent employs the single-agent actor-critic algorithm, the policy
of each agent converges to the unique Nash policy, which characterizes the social dynamics of a large
population of model-free RL agents. (ii) For a particular agent, our approach serves as a fictitious
self-play method for it to find its Nash policy, assuming the other agents give their best responses.
To the best of our knowledge, our work establishes the first efficient model-free RL approach with
function approximation that provably attains the Nash equilibrium of a discrete-time mean-field
game. As a byproduct, we also show that the sequence of policies generated by the single-agent
actor-critic algorithm converges at a linear rate to the optimal policy of a linear-quadratic regulator
(LQR) problem in the presence of drift, which may be of independent interest.



Related Work. Mean-field game is first introduced in [50, 152} (61H63]. In the last decade, there is
growing interest in understanding continuous-time mean-field games. See, e.g., [40L |10} 139, 24, 125]
and the references therein. Due to their simple structures, continuous-time linear-quadratic mean-field
games are extensively studied under various model assumptions. See [68 16, [110, [7, 148} 49| [11,
9, 22| 1461 180, I53]] for examples of this line of work. Meanwhile, the literature on discrete-time
linear-quadratic mean-field games remains relatively scarce. Most of this line of work focuses on
characterizing the existence of a Nash equilibrium and the behavior of such a Nash equilibrium
when the number of agents goes to infinity [38, 104,79, 14} 90-H92]. See also [116], which applies
maximum entropy inverse RL [[122] to infer the cost function and social dynamics of discrete-time
mean-field games with finite state and action spaces. Our work is most related to [41]], where they
propose a mean-field Q-learning algorithm [113] for discrete-time mean-field games with finite
state and action spaces. Such an algorithm requires the access to a simulator, which, given any
state-action pair and mean-field state, outputs the next state. In contrast, both our state and action
spaces are infinite, and we do not require such a simulator but only observations of trajectories.
Correspondingly, we study the mean-field actor-critic algorithm with linear function approximation,
whereas their algorithm is tailored to the tabular setting. Also, our work is closely related to [77]],
which focuses on a more restrictive setting where the state transition does not involve the mean-field
state. In such a setting, mean-field games are potential games, which is, however, not true in more
general settings [67, 20]. In comparison, we allow the state transition to depend on the mean-field
state. Meanwhile, they propose a fictitious self-play method based on the single-agent actor-critic
algorithm and establishes its asymptotic convergence. However, their proof of convergence relies on
the assumption that the single-agent actor-critic algorithm converges to the optimal policy, which
is unverified therein. In addition, our work is related to [55]], where the proposed algorithm is only
shown to converge asymptotically to a stationary point of the mean-field game.

Our work also extends the line of work on finding the Nash equilibria of Markov games using MARL.
Due to the computational intractability introduced by the large number of agents, such a line of work
focuses on finite-agent Markov games [70} 71} 144, 16} 160 145} 28| 187, 186} 184 185 [114, (120, 123}, 26].
See also [95 196/ 21} 169] for detailed surveys. Our work is related to [117], where they combine the
mean-field approximation of actions (rather than states) and Nash Q-learning [45] to study general-
sum Markov games with a large number of agents. However, the Nash Q-learning algorithm is only
applicable to finite state and action spaces, and its convergence is established under rather strong
assumptions. Also, when the number of agents goes to infinity, their approach yields a variant of
tabular Q-learning, which is different from our mean-field actor-critic algorithm.

Finally, our work extends the line of work that studies model-free RL for LQR. For example, [[18,[19]]
show that policy iteration converges to the optimal policy, [106} 31] study the sample complexity of
least-squares temporal-difference for policy evaluation. More recently, [36,76,1107]] show that the
policy gradient algorithm converges at a linear rate to the optimal policy. See as also [42,32] for more
in this line of work. Our work is also closely related to [[118], where they show that the sequence
of policies generated by the natural actor-critic algorithm enjoys a linear rate of convergence to the
optimal policy. Compared with this work, when fixing the mean-field state, we use the actor-critic
algorithm to study LQR in the presence of drift, which introduces significant difficulties in the
analysis. As we show in §3] the drift causes the optimal policy to have an additional intercept, which
makes the state- and action-value functions more complicated.

Notations. We denote by || M ||, the spectral norm, p(M ) the spectral radius, iy (M) the minimum
singular value, and o yax (M) the maximum singular value of a matrix M. We use |||z the £2-norm

of a vector «, and (a)g to denote the sub-vector (v, @viq1,...,a;) ", where ay, is the k-th entry of
the vector a.. For aq, . .., a,, we denote by poly(ay, ..., a,) the polynomial of a1, . .. , a,, and this
polynomial may vary from line to line. We use [n] to denote the set {1,2,...,n} forany n € N.

2 Linear-Quadratic Mean-Field Game

A linear-quadratic mean-field V,-player game involves NV, € N agents. Their state transitions are
given by

N,

. . 1] CI . .

T = Arp+ Bup+ A=) wl+d e, V20,0 €[N,
aj:1



where ri € R™ and u € Rk_ are the state and action vectors of agent 4, respectively, the vector
d" € R™ is a drift term, and w; € R™ is an independent random noise term following the Gaussian

distribution A/(0, ¥,,). The agents are coupled through the mean-field state 1/N, - Z;V:“l 2. In the
linear-quadratic mean-field game, the cost of agent i € [IV,] at time ¢ > 0 is given by

N, T N,
i i i i i 1 < 5\ =1 <&
¢, = (2))7Qey + (w) " Ry + (N sz> Q(N zxz>,
aj:1 aj:1

where u% follows ¢, i.e., the policy of agent 7. To measure the performance of agent i following its
policy 7* under the influence of the other agents, we define the expected total cost of agent ¢ as

T
Jirt, w2, wMN) = Th_r)r;()JE(% Z cé)
t=0
We are interested in finding a Nash equilibrium (7!, 72, ..., 7™+, which is defined by
Jirt, o rtt et wt ey < Jiart, L wtt L F L ey, V', i € [Ny).
That is, agent ¢ cannot further decrease its expected total cost by unilaterally deviating from its Nash
policy.

For the simplicity of discussion, we assume that the drift term d’ is identical for each agent. By the
symmetry of the agents in terms of their state transitions and cost functions, we focus on a fixed
agent and drop the superscript ¢ hereafter. Further taking the limit N, — oo leads to the following
definition of linear-quadratic mean-field game (LQ-MFG).

Problem 2.1 (LQ-MFG). We consider the following formulation
Ti11 = Axy + Buy + AEx} + d + wy,

(e, up) =z Quy + uf Ruy + (Ez}) T Q(Ex}),
T

1
T C(xtvut)‘| )

t=0

J(r) = lim E

T—o0

where z; € R™ is the state vector, u; € R” is the action vector generated by the policy 7, {x} }¢>0 is
the trajectory generated by a Nash policy 7* (assuming it exists), w; € R™ is an independent random
noise term following the Gaussian distribution V' (0, ¥,,), and d € R™ is a drift term. Here the
expectation Ex is taken over the identical agents. We aim to find 77* such that J(7*) = inf <y J (7).

The formulation in Problem[2.T]is studied by [63|[11.[90.[01]. We propose a more general formulation
in Problem [C.T] (see §C|of the appendix for details), where an additional interaction term between
the state vector z; and the mean-field state Ex; is included in the cost function. According to our
analysis in up to minor modification, the results in the following sections also carry over to
Problem|[C.1] Therefore, for the sake of simplicity, we focus on Problem [2.1]in the sequel.

Note that the mean-field state Ex} converges to a constant vector p* as t — oo, which serves as
a fixed mean-field state, since the Markov chain of states generated by the Nash policy 7* admits
a stationary distribution. As we consider the ergodic setting, it suffices to study Problem [2.1] with
t — 0o, which motivates the following drifted LQR (D-LQR) problem, where the mean-field state
acts as another drift term.

Problem 2.2 (D-LQR). Given a mean-field state ;» € R™, we consider the following formulation
Tep1 = Az + Bug + Ap+ d + wy,
cu(me, ) = 2] Qg + uf Ruy + 1" Qu,

T
. 1
Ju(m) = Th—I};oElT E C#(Zt,ut)],
t=0

where x; € R™ is the state vector, u; € R¥ is the action vector generated by the policy 7, w; € R™
is an independent random noise term following the Gaussian distribution N'(0, ¥,,), and d € R™ is a
drift term. We aim to find an optimal policy 77 such that J,, (7)) = infrem Jy (7).



For the mean-field state ;¢ = p*, which corresponds to the Nash equilibrium, solving Problem 2.2]
gives 7., which coincides with the Nash policy 7* defined in Problem Compared with the most
studied LQR problem [66], both the state transition and the cost function in Problem @]have drift
terms, which act as the mean-field “force” that drives the states away from zero. Such a mean-field
“force” introduces additional challenges when solving Problem [2.2]in the model-free setting (see

for details). On the other hand, the unique optimal policy 7, of Problem@] admits a linear
form 7} (24) = — Koz 2y + by 2], where the matrix K. € R¥*™ and the vector brs € R* are
the parameters of 7. Motivated by such a linear form of the optimal policy, we define the class of

linear-Gaussian policies as
I={n(z)=-Kz+b+o-n: KcR"" beRY, 2.1

where the standard Gaussian term 7 € R¥ is included to encourage exploration. To solve Problem
it then suffices to find the optimal policy within II.

Now, we introduce the definition of the Nash equilibrium pair [90} 91]. The Nash equilibrium pair is
characterized by the NCE principle, which states that it suffices to find a pair of 7* and p*, such that
the policy 7* is optimal for each agent when the mean-field state is 1*, and all the agents following
the policy 7* generate the mean-field state u* as t — oo. To present its formal definition, we define
Aq () as the optimal policy in IT given the mean-field state p, and A (u, 7) as the mean-field state
generated by the policy 7 given the current mean-field state p as ¢ — oo.

Definition 2.3 (Nash Equilibrium Pair). The pair (p*, 7*) € R™ x II constitutes a Nash equilibrium
pair of Problem 2.1]if it satisfies 7 = Aq(p*) and p* = Ao(p*, 7). Here p* is the Nash mean-field
state and 7* is the Nash policy.

3 Mean-Field Actor-Critic

We first characterize the existence and uniqueness of the Nash equilibrium pair of Problem 2.T|under
mild regularity conditions, and then propose a mean-field actor-critic algorithm for such a Nash
equilibrium. As a building block of the mean-field actor-critic algortihm, we propose a natural
actor-critic algorithm to solve Problem [2.2]

3.1 Existence and Uniqueness of Nash Equilibrium Pair

We now establish the existence and uniqueness of the Nash equilibrium pair defined in Definition
We impose the following regularity conditions.

Assumption 3.1. We assume that the following statements hold:

(i) The algebraic Riccati equation X = ATXA+Q—-ATXB(B"XB+ R)"'B" X A admits
a unique positive definite solution X *;

(i1) It holds that Ly := L1 L3 + Lo < 1, where
L= [ - AQ (I - AT + BRBTYA|l, - [K*Q (I - A)T - R'BT]|.,
Ly =[1—p(A=BE) AL, Ly =[1-p(A— BK")7"|B]..

Here K* = —(BTX*B + R)"'BT X*A.

The first assumption is implied by mild regularity conditions on the matrices A, B, @, and R. See
Theorem 3.2 in [30]] for details. The second assumption is standard in the literature [11}91]], which
ensures the stability of the mean-field game. In the following proposition, we show that Problem [2.1]
admits a unique Nash equilibrium pair.

Proposition 3.2 (Existence and Uniqueness of Nash Equilibrium Pair). Under Assumption the
operator A(-) = Az (-, A1(+)) is Lo-Lipschitz, where Ly is given in Assumption 3.1} Moreover, there
exists a unique Nash equilibrium pair (u*, 7*) of Problem 2.1

Proof. See for a detailed proof. O



3.2 Mean-Field Actor-Critic for LQ-MFG

The NCE principle motivates a fixed-point approach to solve Problem 2.1} which generates a sequence
of policies {7} s>0 and mean-field states {5 }s>0 satisfying the following two conditions: (i) Given
the mean-field state yi,, the policy 7, is optimal. (ii) The mean-field state becomes i, if all the
agents follow 7, under the current mean-field state y. Here (i) requires solving Problem [2.2] given
the mean-field state s, while (ii) requires simulating the agents following the policy 75 given the
current mean-field ps. Based on such properties, we propose the mean-field actor-critic algorithm in
Algorithm 1]

Algorithm 1 Mean-Field Actor-Critic Algorithm for solving LQ-MFG.
1: Input:
o Initial mean-field state 1 and Initial policy my with parameters K and by.
e Numbers of iterations 5, {Ns}sersys {Hs}oeis): ATsms Tsntscls)nelN.]s

{12, T )} sers)nem)-
e Stepsizes {7s}se[s)s {’YSb}SG[S]’ {Vsn.t}ses)nelN. telTs ns {727h,t}SE[S],hG[HS],tG[TSb,h]'
2: fors=0,1,2,...,5—1do
3:  Policy Update: Solve for the optimal policy 7,41 with parameters K1 and bs4q of
Problem|2.2] via Algorithm 2| with p1,. e, Nuu Hau {Tenr. Teon beiv.)s {700 T bnel)s Yoo
V8, {Vs .t bne N, telT, > and {fysf”h_’t}he[Hs],te[T;h], which gives the estimated mean-field
state I, , 1 by -
4:  Mean-Field State Update: Update the mean-field state via 111 < fix,.,»
end for
6: Output: Pair (7g, ug).

s41°

bd

Algorithm |1| requires solving Problem at each iteration to obtain w5 = A1 (us) and psy; =
Ao (s, ms). To this end, we introduce an actor-critic algorithm in Algorithmthat solves Problem
[2.2] See §B.1]of the appendix for details.

4 Global Convergence Results

Theorem 4.1 (Convergence of Algorithm[I). For a sufficiently small tolerance ¢ > 0, we set the
number of iterations S in Algorithm[T]such that

log (|0 — p*|l2 - e71)

5> T log(1/Lo)

“4.1)
We define

. w14 — N —4 _ _
€s = mm{ (1= p(A=BE"] (1B« + IIAl) " (Ilesllz® + 1dll3?) - omin(Pe) - Omin(R) - €2,
vi- - [1—p(A— BKO)}2 B|72 - €2, a} L9510 se 9], 4.2)

where v« is defined in Proposition[B.1] In the s-th policy update step in Line [3| of Algorithm [T} we
set the inputs via Theorem uch that J,, (ms41) — Ju, (7};,) < €5, where the expected total cost
Ju. (+) is defined in Problem[2.2} and 7, = A1 (y5) is the optimal policy under the mean-field state
s Then it holds that ||1s — p1*||2 < € with probability at least 1 — £°, where pg is the output of
Algorithm|[T]and £* is the Nash mean-field state of Problem [2.1]

Proof. See §D.I|for a detailed proof. O

Here, we highlight that if the inputs of Algorithm [1] satisfy certain conditions, J,, (7ms41) —
Jy, (7% ) < e, holds at the s-th iteration for any s € [S]. See Theorem [B.6in of the ap-

Hs

pendix for details. By Theorem .1 Algorithm [I]converges linearly to the unique Nash equilibrium
pair (p*, 7*) of Problem[2.1
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A Notations in the Proofs

In the proof, for convenience, for any invertible matrix M, we denote by M -T = (M *I)T =
(M ")~ and || M||r the Frobenius norm. We also denote by svec(M ) the symmetric vectorization of
the symmetric matrix M, which is the vectorization of the upper triangular matrix of the symmetric
matrix M, with off-diagonal entries scaled by v/2. Also, we denote by smat(-) the inverse operation.

For notational simplicity, we write z = [z, 4] " as the combination of the state vector = and the
action vector u. Also, we write E, [] to emphasize that the expectation is taken following the policy
.

B Auxiliary Algorithms and Analysis

B.1 Natural Actor-Critic for D-LQR

Now we focus on solving Problem [2.2] for a fixed mean-field state i, we thus drop the subscript
w hereafter. We write 7 p(x) = —Kx + b + on to emphasize the dependence on K and b, and
J(K,b) = J(mkp) consequently. Now, we proceed to propose a natural actor-critic algorithm to
solve Problem

For any policy 7, € I1, by the state transition in Problem 2.2} we have
vi11 = (A— BK)zy + (Bb+ Ap + d) + ¢, e ~N(0,9,), (B.1)

where U, = 0 BB + . It is known that if p(A — BK) < 1, then the Markov chain {z;};>0
induced by has a unique stationary distribution p , = N (pkp, P ) [2], where the mean-field
state (i, and the covariance ® g satisfy that

prp= (I —A+BK) Y(Bb+ Ap+d), (B.2)
dx = (A— BK)®x(A— BK)"T + V.. (B.3)

Meanwhile, the Bellman equation for Problem@ takes the following form
Px = (Q+ K"RK) + (A - BK) " Px(A — BK). (B.4)

Then by calculation (see Proposition[B.4]in §B.2]of the appendix for details), it holds that the expected
total cost J (K, b) is decomposed as

J(K,b) = J1(K) + Jo(K,b) + o% - Tr(R) + 1" Qu, (B.5)
where J; (K) and Jo (K, b) are defined as

Ji(K) =Tr[(Q + K" RK)®k| = Tr(Px ¥.),
T
J2(K,b) = (” Igb) (Q +_[}§;RK _I;TR> (“§>b> : (B.6)

Here J; (K) is the expected total cost in the most studied LQR problems [[118],[36], where the state
transition does not have drift terms. Meanwhile, J2 (K, b) corresponds to the expected cost induced
by the drift terms. The following two propositions characterize the properties of Jo (K, b).

First, we show that J5(K, b) is strongly convex in b.

Proposition B.1. Given any K, the function J5 (K, b) is vi-strongly convex in b. Here v =
Omin (Y1 (Y15 + Yo' Yo i), where Y1 x = RY2K(I — A+ BK)™'B — R'? and Y3 ¢ =
QY?(I — A+ BK)™'B. Also, Jo(K,b) has ¢ x-Lipschitz continuous gradient in b, where ¢ is
upper bounded such that c < [1 — p(A — BK)]72- (| B|I? - | K12 - [|R]l. + [ B2 - Q)
Proof. See for a detailed proof. O

Second, we show that miny, J2 (K, b) is independent of K.
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Proposition B.2. We define b = argmin, J»(K,b), where J»(K, b) is defined in (B.6). It holds
that

b = [KQ '(I-A)T —R'BT]-[I-AQ '(I-A)T +BR'BT|"" . (Au+d).
Moreover, Jo (K, b¥¢) takes the form
Jo(K,05) = Ap+d)T[(I - A)Q (I —A)T + BR'BT] ™ (Au + d),

which is independent of K.
Proof. See §E.2]for a detailed proof. O

Since min, J2 (K, b) is independent of K by Proposition [B.2} it holds that the optimal K* is the
same as argminj Ji (K). This motivates us to minimize J (K, b) by first updating K following the
gradient direction Vi J1 (K) to the optimal K*, then updating b following the gradient direction
Vi J2(K*,b). We now design our algorithm based on this idea.

We define Y i, pi b, and gx p as

T, — Q—FATPKA ATPKB B T}% T}(Q
K=\ B"PkA R+B"PxkB) \Y% T1%)°

iy =A"[Px-(Ap+d) + frp],  axs=B"[Px-(Au+d)+ frs], (B.7)

where fxp = (I — A+ BK)™T[(A— BK)" Pg(Bb+ Ap + d) — KT Rb]. By calculation (see
Proposition [B.3]in §B.2|of the appendix for details), the gradients of J; (K) and J»(K, b) take the
following forms:

Vi Ji(K) =2(Y2K - Y2) - &, Vo K, b) = Y2(—Kugp +b) + YR uwsy + qrcp-

Our algorithm follows the natural actor-critic method [[13]] and actor-critic method [S7]. Specifically,

to obtain the optimal K *, in the critic update step, we estimate the matrix Y i by T Kk Vvia a policy
evaluation algorithm, e.g., Algorithm [3]or Algorithm 4] (see §B.3]and of the appendix for detail).

In the actor update step, we update K via K <+ K —~- (T22K —T2), where the term T2 K — Y21
is the estimated natural gradient. To obtain the optimal b* given K *, in the critic update step, we

estimate Y g+, ¢+ p, and pg+p by Y, @i,p, and [ig , via a policy evaluation algorithm. In the

actor update step, we update b via b <— b — v - VJo(K*,b), where V Jo(K*, ) is the estimated
gradient. Combining the above procedure, we obtain the mixed actor-critic algorithm for Problem
[2.2] which is stated in Algorithm 2]

B.2 Results in D-LQR

In this section, we provide auxiliary results in analyzing Problem[2.2] First, we introduce the value
functions of the Markov decision process (MDP) induced by Problem [2.2] We define the state-value
function Vi j,(x) as follows

oo

Vip(z) = Z{E[c(xt,ut) |zo = z,up = —Kay + b+ 0'7715} - J(K, b)}, (B.8)
t=0

and the action-value function Q k (z, u) as follows
Qrp(w,u) = c(z,u) — J(K,b) + E[Vip(2') | z,u], (B.9)

where the 2’ is the state generated by the state transition after the state-action pair (x, u). We establish
the close forms of these value functions in the following proposition.

Proposition B.3. The state-value function Vi ;(x) takes the form

VKJ)(Z‘) = xTPKa: — TI'(PK(I)K) =+ 2f;,b($ — HK,b) — (MK,[))TPK[J,KJ), (B.10)
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Algorithm 2 Mixed Actor-Critic Algorithm for D-LQR.
1: Input:
e Mean-field state 1 and initial policy mx, b,
e Numbers of iterations N, H, {T},, T }nens {ffl’, TP} helm)-
e Stepsizes 7, ’Yba {’Yn,t}ne[N],tE[Tn]’ {’Yz,t}he[H],te[T,f]'
2: for n=0,1,2,...,N —1do
3:  Critic Update: Compute Y 5, via Algorithmwith K, bos M T T, {7t }ee[m,)» Ko, and
bo as inputs.
4:  Actor Update: Update the parameter via

Kny1 < Ky —v- (YR K, —T% ).
5: end for
6. for h=0,1,2,....,H—1do B
7:  Critic Update: Compute [ix, ., Lins Qiy,by Vid Algorithmwith TR by Mo T,ll’, T,f,
{7h.+}eery)» Ko, and bo.
8:  Actor Update: Update the parameter via
bhi1 < bn =" (YR, (=K nTirc o, +bn) + YR Dy by, + Trcy o] -

9: end for
10: Output: Policy 7, = Tk by estimated mean-field state Lix p = iy by -

and the action-value function Q x (, u) takes the form

T T
Qo u) = <z> Tk <i) +2 (Zﬁi) (2) — Tr(Px®k) — 02 - Te(R+ PgBB') —b' Rb

+2b" RE gy — (i) (Q+ KTRK + Pr )y + 2f 5 [(Ap+ d) — puxc ]
+ (Ap+d)" Pr(Ap+ d), (B.11)

where the matrix T i and the vectors pg 4, 5 are given in (B.7).
Proof. See §E.6|for a detailed proof. O

By Proposition B.3] we know that Vi ;(z) is quadratic in z, while Q  («, u) is quadratic in  and
u. Now, we show that J(K, b) is decomposed as (B.3).

Proposition B.4. The expected total cost J(K, b) defined in Problemis decomposed as
J(K,b) = Ji(K) + Jo(K,b) + o - Tr(R) + 1 Qpu,
where J; (K) and Jo (K, b) take the following forms
Ji(K) =Tr[(Q + K" RK)®k| = Tr(Px T.),

Jo(K,b) = HEK.b ’ Q+K'RK —K'R\ (pxp
20 = b —RK R b -
Here fux 5 is given in (B.2), @ is given in (B.3), and Py is given in (B.4).
Proof. See §E.3|for a detailed proof. O

We establish the gradients of J (K, b) in the following proposition.

Proposition B.5. The gradient of J;(K) and the gradient of J2(kK,b) with respect to b take the
forms

ViJi(K)=2(Y2K - T}) - &, Voo (K, b) = 2[ Y32 (=K prp +b) + Yol g p + ar0)

where the matrix T i and the vector qx ; are given in (B.7).
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Proof. See §E.3|for a detailed proof. O

Equipped with above results, the following theorem establishes the convergence of Algorithm 2]

Theorem B.6 (Convergence of Algorithm Q) Let the initial policy 7k, p, be stable. In AlgorithmEI,
for a sufficiently small tolerance £ > 0, we set

v < IR« + IBIZ - T (Ko, bo) - 0 (P)] ™
N>C-|[@ge|e-~" -log{4[J(K0,bo) — J(K*, b)) -5—1},

where C'is a positive absolute constant. Let { K, },cn) and {bx }rec(m) be the sequences of pa-
rameters generated by Algorithm[2] In the n-th critic update step in Line [3] of Algorithm 2] we
set

_ 9 s
T,y > poly (|| Knllr, [|boll2, [l1£ll2, (Ko, bo)) - A - [1 = p(A = BKy)] " -2,
~ _ —12 _
T,y > poly (|| Knlle, [|bollz, [l£ll2, J (Ko, bo)) - Ax” - [1 = p(A— BKy)] =& '2,
Yn,t = 70 t_l/Qa

where vy is some positive constant, and A, is specified in Proposition Also, after obtaining
K from Algorithm 2} we set

7" <min{l — p(A = BKy),[1 = p(A— BKN)]7> - (I|BIZ - | Kn |2 - IR« + | BIZ - lQII-)},
H>Co-vigh - (") 1og{4[J(KN,bO) — J (K, b5)] -5—1},

where Cj is some positive absolute constant and the number v is specified in Proposition[B.I} In
the h-th critic update step in Line[7]of Algorithm[2] we set

— — —10 _
Ty > poly (1K nlle, a2, [lill2, T (K, b0)) - ARy, - Viey - [L = p(A= BKN)] - e7%,
~ _ _ —16 _
Ty > poly (| Enlle, a2, lull2, J(Knsbo)) - Ay, - Vics - [L = p(A = BKN)] -7,
72,7& =70 " t71/27

where vk, is specified in Proposition Then with probability at least 1 — 0, it holds that

J(Kn,br) = J(K*,0%) < &, [|[Kn = K*|lp < [050,(e) - 0in(R) - €]'/2, and [[byr — 7|2 <
(2&‘/1/[(*)1/2.
Proof. See §D.2)for a detailed proof. O

By this theorem, given any mean-field state i, we show that Algorithm 2] converges linearly to the
optimal policy 7, of Problem In the proof of Theorem we use the convergence results of
Algorithm 3] which is provided in §B3|of the appendix.

B.3 Primal-Dual Policy Evaluation Algorithm

Note that critic update steps in Algorithm|2| need estimators of the matrix T i and the vector g p.
We now derive a policy evaluation algorithm to estimate these quantities, based on gradient temporal
difference algorithm [[100].

For notational convenience, we denote by the feature vector

o(@, u)
Y(z,u) = ( T — [Kb ) (B.12)
u— (=Kpgp+0)

where
T — W T—p T
_ — MHKb — HMKb
Pl u) = svee l(u — (—Kpkp+ b)) <u — (—Kprp+ b)) ] '
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Recall svec(M) gives the symmetric vectorization of the symmetric matrix M. We also denote by
the vector

svec(Y k)
aEp = KD Py | (B.13)
T (‘KMK,b + b) * (qK,b)

where the matrix Y x and vectors pg ;, and gk are given in (B.7). Note that to estimate Yy and
gx.b, we only need to estimate ag . We also define the following matrix

Orp=Ere, {’L/J($7 w) [¥(z,u) — (2’ )] T}, (B.14)

where (z',u') is the state-action pair after (x, u) following the policy 7k ; and the state transition.
The matrix ©  ;, defined in (B.I4) connects with the vector i, by the following proposition.

Proposition B.7. The following equation holds:

(£ i) 0ms) () = (o (o))

where the vector ak 5, is given in (B.13), the matrix © x , is given in (B.I4), and the feature vector
¥ (x, u) is defined in (B.12).

Proof. See for a detailed proof. O

Motivated by Proposition[B.7} to obtain the vector cx 3, we only need to solve the following linear
system in ¢ = (¢1,¢7)T
~ J(K,b

where the matrix © Kb takes the form

~ 1 0
®K7b - (EWK,IJ [w(xvu)] @Kyb) '

Note that in the above linear system (B.T3), if the matrix © g ; is invertible, then the whole linear
system admits the unique solution {, = (J(K,b), arjc ;) " Under mild condition, the following
proposition verifies the invertibility of © g .

Proposition B.8. If p(A — BK) < 1, then the matrix © ; is invertible, and its spectral norm is

upper bounded by 4(1 + || K||2)2 - ||® ||2. Moreover, ouin(Ox.5) is lower bounded by a positive
constant A, where A only depends on o, oin(¥,,) and p(A — BK).

Proof. See §E.§|for a detailed proof. O

Hereafter, for notational convenience, we denote by zZt the estimated feature vector QZ (¢, ut). Now,
we present the primal-dual gradient temporal difference algorithm in Algorithm 3]

Primal-Dual Gradient Method. In Algorithm[3] instead of solving the linear system (B.13)) directly,
we minimize the following loss function

(¢ = TE D)+ |[Br [ ] ¢+ OraC? — B e, ub (s w] |

Further, by Fenchel’s duality, we convert the above problem to the following primal-dual min-max
problem

§
win e F(C,€) = By, [0, 0)] ¢+ 050 — e, [el, wp(e,w)] | €2
+[¢H = (K B)] - € =172 |13, (B.16)
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Algorithm 3 Primal-Dual Gradient Temporal Difference Algorithm.

1: Input: Policy 7k p, mean-field state p, numbers of iteration T and T, stepsizes {'Yt}te[Tb
parameters K and bg.

2: Define the sets V and V¢ via Condition [B.9) with K and by.
3: Initialize the parameters by (p € V; and §, € V.
4: Sample T, from the the stationary distribution N (t p, P ).
5:for t=0,...,T7—1do
6:  Given the mean-field state y, take action u; following 7 ; and generate the next state 1.
7: end for N B
8: Set figp < 1/T - 23:1 Z¢ and compute the estimated feature vector v via (B.17).
9: Sample z from the the stationary distribution A/ (14 Kb, Pr).
10: for t =0,...,7 —1do
11:  Given the mean-field state y, take action u; following 7 3, observe the cost ¢;, and generate
the next state x4 1.
13:  Update parameters via
Chir G = - (6 + 9/ €D), CPra ¢ G = a1 - V(W — ega) T €7,
ft1+1 — (I —v41) 'ftl + Vi1 - (Ctl — ), 51:2+1 — (I —v41) '§t2 + Yet1 - Oeg1 - Y-
14:  Project (441 and &41 to V¢ and Vg, respectively.
15: end for - "
16: Setdgp Oy ve) t (o e ¢?), and
~ N ﬁK,b ~ A ﬁK,b
et <o T g
where a1 = ()T and G = (Gra) )y

17: Output: Estimators fik p, T K, and Gk p.

where we restrict the primal variable ¢ in some compact set V; and the dual variable { in some
compact set Ve, which are detailedly specified in Condition By taking the gradient of the
objective in (B.16) with respect to ¢ and &, we obtain the following gradients

-
Vo F =& +En, [(z,u)] €, VeF =05,

vﬁlF = Cl - J(K7 b) - 617 V£2F = IE'“'K,b W(ﬂ?, u)} <1 + eKJJC2 - IEﬂ'K,b [C(l‘, U)i/)(fﬂv ’U,)] - 52'
This gives a primal-dual gradient method to solve the min-max problem (B.16).

Estimate of Mean State ;15 ;. Note that in the definition of the feature vector in (B.12)), we need
the mean i, of the state to evaluate the feature vector ¢(z, u). Therefore, prior to the main body

of Algorithm we obtain the estimator fix j by simulating the MDP under the policy 7y, for T
iterations, and compute the estimated feature vector v via

. B, )
Y(w,u) = T — Kb ) (B.17)
u— (=K +b)

where $(x, u) takes the following form

—~ ~ T
~ _ L — UKD T = UKD
Plo, u) = svec l(u — (=Kpigp+ b)) (u — (—Khgp + b)) '

Before stating the convergence result of Algorithm [3} we specify the sets V¢ and V.
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Condition B.9 . Given K and by such that p(A — BKj) < 1. We define the sets V; and V¢ in
as

Ve ={¢0<¢" < UKo, bo), I 2 < M+ Mez - (1+ K le) - [1 = p(4 - BK)] 7},
3 -1
Ve = {€: 1611 < J(Ko,b0), [€2]12 < Me - (1+ [K[2)* - [1 = p(a - BK)] '}
Here M¢ 1, M¢ 2 and M, are constants independent of K and b, which take the following forms
Mea = [(1Qlle + IRIe) + (1A + | BIR) - V- J (Ko, bo)/Fwmin (V)]

+ [ 1@l + 1RIL) + (1Al + 1B].)* - T (Ko, bo) frmin (V)]

- [J(Ko,00)/0min(Q) + T (Ko, bo) /0umin (R)]
+ (1Al + 11Bll) 7 (Ko, bo)? - 07 (W) - 05030 (Q),
Mez = (Al + IBIl.) - (5q + KR),  Me=C- (Mg + M) - J(Ko,bo)*/ 07 (@),
where C'is a positive absolute constant, and x¢ and kg are condition numbers of the matrices ¢ and
R, respectively.

We now characterize the convergence of Algorithm 3]

Theorem B.10 (Convergence of Algorithm. Given Ky, by, K and b such that p(A— BKj) < 1 and
J(K,b) < J(Ko,bo), we define the sets V, and Ve through Condition[B.9} Given the stepsize ; =

70 - t~1/2 for some constant o > 0, then for any p such that p(A — BK) < p < 1, when the number
of iterations T" and T are sufficiently large such that T < poly, (|| K||r, ||D||2; || ¢ll2, J (Ko, bo)) - (1 —
p)~C, with probability at least 1 — T—* — T, the output a5, satisfies that

log® T log T

QKb — 2 < X2 poly (|| K||p, ||b J(Ko,by)) - -
s — ascall < X2 -poty (1l 0l s 00 00) | 72—+ 7
where Ak is specified in Proposition Same bounds for HY"K — YTklr, IPr.b — PKb||2 and
lZr.b — gk bl|2 hold. Also, with probability at least 1 — 7=, it holds that

log T

liry — prplle < =

ESYTl (L= p) 72 - poly (@5l [ K1l 1D]l2, | 1]l 2, T (Ko, bo)).-

Proof. See §D.3|for a detailed proof. O

The policy evaluation algorithm is used in the critic update steps in Algorithm 2] Therefore, the above
theorem is crucial in the proof of the corresponding convergence result stated in Theorem [B.6]

B.4 Temporal Difference Policy Evaluation Algorithm

We also apply TD(0) method [99] to evaluate the policy, which is presented in Algorithm 4]

Note that in related literature [12} 58], non-asymptotic convergence analysis of TD(0) method with
linear function approximation is only applied to discounted MDP; as for our ergodic setting, the
convergence of TD(0) method is only shown asymptotically [[15} 59] using ordinary differential
equation method. Therefore, in the convergence theorem proposed in §3} we only focus on the primal-
dual gradient temporal difference method (Algorithm [3) to establish non-asymptotic convergence
result. However, in practice, we still use TD(0) algorithm.

C General Formulation

Compared with Problem a more general formulation includes an additional term =/ PEz} in the
cost function. For the completeness of this paper, we define this general formulation here.
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Algorithm 4 Temporal Difference Policy Evaluation Algorithm.

Input: Policy 7 3, number of iteration T and T, stepsizes {7t }re[7)-
Sample Z( from the stationary distribution N (px p, P ).
for t=0,...,T—1do

Take action u; under the policy 7 ; and generate the next state Ty41.
end for B

~ ~ T ~

Set figp < 1/T -5, Zy.
Sample x( from the the stationary distribution N (t p, P ).
for t =0,...,7T do

Given the mean-field state y, take action u; following 7 ; and generate the next state 1.
100 Set dyi1  (F + (Y — V1) T ¢ — e ~
11:  Update parameters via ¢}y < (1 — Y1) - ¢} + Y1 - e and (Fry < G — Y1 - Ovg1 - Yr
12:  Project (; to some compact set Vé.
13: end for

14: Seta@gcp « (X1 %)~ (e e - ¢2), and

Wy nhw e

Tk  smat(@ DEDY  Gpys—T Kb
" Smik(iill);tz;d)m Kb e (k+lz+ ;Ifig}féb o)
where 0k b1 = (Qkb)1 and Ok b2 = (aK,b)(HdH)(md)/%l'

15: Output: Estimators [ix p, T K and Gk p.

Problem C.1 (General LQ-MFG). We consider the following formulation

Ti+1 = AIt + But + Z]EI’? + d + We,

Az, u) = ] Quy + u Ruy + (Ba?) T Q(Ba}) + 2z, P(Ex}),
N T
J(r) = lim E|=

T—00

E(xu Ut)] >

t=0

where z; € R™ is the state vector, u; € R” is the action vector generated by the policy 7, {z} }+>0
is the trajectory generated by a Nash policy 7* (assuming it exists), wy € R™ is an independent
random noise term following the Gaussian distribution N'(0, ¥,,), and d € R™ is a drift term. Here

the expectation in Ex} is taken over the identical agents. We aim to find 7 such that J (m*) =
infﬂ—en J(ﬂ')

Following similar discussion as in §2] it suffices to study Problem [C.T|with ¢ — oo, which motivates
the following general drifted LQR (general D-LQR) problem.

Problem C.2 (General D-LQR). For any given mean-field state 1 € R™, consider the following
formulation

Tiy1 = Al’t + B’LLt +Z/,L + d—l—wt,
Culxe, up) = x; Qry +uf Ruy + ' Qu + 2z Py,

1 L
T Zgﬂ(xt7ut)]?
t=0

where z; € R™ is the state vector, u; € R is the action vector generated by the policy 7, w; € R™
is an independent random noise term following the Gaussian distribution N'(0, ¥,,), and d € R™ is a

drift term. We aim to find an optimal policy 7}, such that j“ (m},) = infren J, ().

Ju(m) = lim E

T—o00

In Problem | the unique optimal policy 7}, (-) still admits a linear form 77 () = — K-y + br»
[2]], where the matrix K. e € R¥*™ and the vector b,r* € R are the parameters of the pohcy . It

then suffices to find the optlmal policy in the class IT introduced in .1). Similar to §B.T] we drop
the subscript ¢+ when we focus on Problemgfor a fixed . We write mx () = —Kz +b+onto

emphasize the dependence on K and b, and J (K b)y=J (7r &,b) consequently. We derive an explicit
form of the expected total cost J (K ,b) in the following proposition.
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Proposition C.3. The expected total cost J (K,b) in Problemis decomposed as
J(K,b) = Jy(K) + Jo(K,b) + 0% - Tr(R) + 1 Qu,
where J; (K) and J5(K, b) take the following forms
JI(K) =Tr[(Q + KTRK)® k] = Tr(Px¥.),

-
~ +KTRK —-K'R
Jo (K, b) = <Mlb(’b) (Q —RK R ) (u§7b> + 2,UTPIiK,Zr
Here yuf 5 is given in (B.2), @ is given in (B.3), and Py is given in (B.4).

Proof. The proof is similar to the one of Proposition[B-4] Thus we omit it here. O

Compared with the form of J(K, b) given in (B.3), we see that the only difference is that J (K, b)
contains an extra term 2,uTPu K,b in J2 (K, b), which is only a linear term in b (recall that px p is
linear in b by (B:2)). Thus, J (K, b) is still strongly convex in b, as shown in the proposition below.

Proposition C.4. Given any K, the function J~2(K ,b) is vg-strongly convex in b, here v =
omin(Y1 g V1,5 + Yo g Yak), where Yy x = RY2K(I — A+ BK)™'B — RY/? and Yy i =
QY2(I — A+ BK)™'B. Also, J5(K,b) has ¢-Lipschitz continuous gradient in b, where ¢ is
upper bounded such that 1 < [1 — p(A — BK)]"2 - (|| B2 - | K2 IRl + |B]| - |Ql]+)-

Proof. The proof is similar to the one of Proposition[B-I} Thus we omit it here. O

Parallel to Proposition[B.2} we derive a similar proposition in the sequel.

Proposition C.5. Denote by b™ = argmin, Jo(K, b), then Jo(K, b¥) takes the form

G5 = (At d ’ S S(I — A)Q~! Ap+d
SR\ Q' I-A)TS 3Q7'(I-A)TST-AHQ -Q7! Plu )’
which is independent of K. Here S = [(I — A)Q (I — A)T + BR~'BT]~1. And b¥ takes the

form

W= [KQT' I -A)" —R'B"]-S [Au+d)+ (I - AQ P u] —KQ'PTp.
Proof. The proof is similar to the one of Proposition[B.2] Thus we omit it here. O

Similar to Problem 2.2] we define the state- and action-value functions as

oo

X~/K’b(x) = Z{E[E(xt,ut) |zg = z,up = —Kay + b+ 0'7715} — j(K, b)},
t=0

Qrp(z,u) =z, u) — J(K,b) + E[?K)b(x’) |z, ul,

where the 2 is the state generated by the state transition after the state-action pair (z,u). A slight
modification of Proposition[B.3] gives the proposition below.

Proposition C.6. For Problem the state-value function VK,b(x) takes the form
Vico(z) = 2 Prx — Tre(Pr®r) + 2f1¢ (¢ — prcp) — (nxcp) | Prctiep,

and the action-value function @ i.b(x, u) takes the form

T ~ T
Qrp(r,u) = (i) Tx (i) +2 <§§Z> (i) — Tr(Pg®) — 0 - Tre(R+ PxBB') —b" Rb
+ 20" RE ey — (1) ' (Q + KT RE + Py + 2 o [(Ap+ d) — purc o]

+ (Z,LL + d)TPK(ZILL + d) - 2/LTP,LLK7().
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Here the matrix T g is given in (B.7), and the vectors pg 1, ¢k are given as

(gK,b) _ (AT [Px - (Ap+d) + frp) + Pu €.
aK.b BT [P - (Ap+d) + frp) 7 '

where the vector fr, = (I — A+ BK)~T[(A— BK)T Px(Bb+ Au+d) — KT Rb+ Pp).
Proof. The proof is similar to the one of Proposition[B.3] Thus we omit it here. O

Now we establish the gradients of .J (K, b) for Problem
Proposition C.7. The gradient of J; (K) and the gradient of Jo(K, b) w.r.t. b takes the form
Vi (K)=2(TEK - T3) - o, Vo (K, b) = 2[YR(—Kpgp+b) + TRk + G,

where the matrix Y g is given in (B.7), and the vector gx  is given in (C.I).
Proof. The proof is similar to the one of Proposition[B.5] Thus we omit it here. O

Equipped with above results, parallel to the analysis in §3] it is clear that by slight modification
of Algorithms(T] [2] and[3] we derive similar actor-critic algorithms to solve both Problem [C.1|and
Problem [C.2] where all the non-asymptotic convergence results hold. We omit the algorithms and the
convergence results here.

D Proofs of Theorems

D.1 Proof of Theorem 4.1]

We denote by pi,; = A(ps), which is the mean-field state generated by the optimal policy
TK* b(us) = M1(ps) under the current mean-field state y, (note that for any mean-field state
i, the optimal K*(u) is independent of y by Proposition therefore, we write K* here for
convenience). By (B.Z)), we know that

i1 = (I — A+ BE")"" - [B0(us) + Aps + d].
Also, we denote by
fis;1 = (I — A+ BK,) ™" (Bbs + Aps + d),
which is the mean-field state generated by the policy 7 ;. under the current mean-field state y.

According to Algorithm[T] it is obvious that the output 141 is an estimator of fi51 1. By triangular
inequality, we have

lers = 2 < st = fiseallo + ors — p2ollo+ ips — il @D

El Eg E3

We bound F, E5 and E5 in the sequel.

Bound on E;: Note that from Theorem and the choice of the inputs in Algorithm [3|stated in
Theorem it holds that

By = |ps1 — fistall2 <es <g/8-27° (D.2)

with probability at least 1 — 19, where ¢, is given in @.2).
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Bound on E5: Note that by definition, combining with triangular inequality, we have
B, — H(I — A+ BK)"M(Bbs + Aps +d) — (I — A+ BE*)™" - [Bb* (1) + Ape + d] H2

< || B* (1) + Apps + d|, - H [[— A+ BK*+ B(K,— K*)] ' = (I— A+ BK*)™!

+ (= A+ BE)TY, 1B - ||bs — 0% (1),
< 2||Bb*(us) + Aps +d||, - ||(I = A+ BK*)'B(K, — K*)(I = A+ BK*)™'||,
+ (I = A+ BE)Y, - I1Blls - [Jbs — b*(us),
< 2|| Bb* () + Apa +dl, - [1 = p(A = BK)] 7 |[B|l. - | Ko — K*].
+ [ p(A=BKo)] ™" Bl - [|bs = b* (1)) - (D3)
For the term || Bb*(p15) + Apts + d||2, combining Proposition [B.2} it holds that
| B0 () + Aps +d||, < Ly - | Bl - lsllz + 1Al - [lpsll2 + 1d]l2
< (Lo Bl + [AlL) - llsllz + llll2, (D.4)

where the scalar L is given in Assumption [3.1] Moreover, from Theorem [B.6} by the choice of Ny,
it holds with probability at least 1 — £'0 that

1Ky = K e < \Jouh (B0 - onb (B) -e0, b =), < /20t e (D)
Combining (D.3), (D-4), @ and the choice of ¢ in {#.2)), we deduce that

E,<eg/8-27° (D.6)

holds with probability at least 1 — £'°

Bound on E3: We have
By = |lpiy = 1 ll2 = [[Aus) = Ay < Lo+ lus = 1|2, (D.7)

where we use the fact that the operator A(-) has Lipschitz constant Ly = L; L3 + Lo according to
Proposition 3.2}

From (D.2), and (D.7), combining (D.IJ), we know that
s = p*ll2 < Lo - [lps — p*ll2 + 227572 (D.8)
By telescoping (D8], we obtain that
s = 1|2 < LG - o — |2 + /2.

Moreover, by the choice of S in () and the definition of L in Assumption [3.1] we know that
|les — *|| < e. This concludes the theorem.

D.2 Proof of Theorem[B.6

Proof. We first show that Jy(Ky) — J1(K*) < £/2 with a high probability, then show that
J2 (KN, b)) — Jo(K*,b*) < £/2 with a high probability. Then we have

J(Kn,by) = J(K*,b") = J1(KN) + Jo(Kn, b)) — J1(K™) — Jo(K*,b0%) < e
with a high probability, which proves the theorem.
Part 1. We show that J;(Ky) — J1(K*) < /2 with a high probability. We proceed our proof

by first showing that J; (K) is gradient dominant, and then by gradient dominance, we prove the
convergence of Algorithm 2]combining the convergence result of Algorithm [3]in Theorem [B-10}

To show that J; (K) is gradient dominant, we first bound J; (K1) — J; (K3) for any K; and K. By
Proposition[B.4] .J; (K) takes the form

Ji(K) = Tr(Pr¥.) = Eyono,0.)(y " Pry). (D.9)

We use the following cost difference lemma to bound y " Px,y — y ' Pg,y.
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Lemma D.1 (Cost Difference). Denote by K7 and K, two parameters, which satisfy that p(A —
BK;) < 1and p(A — BK>) < 1. Moreover, for any state vector y, we denote by {y; };+>o the
sequence generated by the transition y; 1 = (A — BK>)y; with initial state yo = y. Then it satisfies
that

y' P,y —y' P,y = ZDKl,Kz (ye)-
>0

Here we denote by the function
Dy i (y) = 2y (K2 — K)(YR K1 — TR )y +y' (Ko — K1) YR (K2 — K1)y,

where the matrix Y g is given in (B.7).
Proof. See §F.1|for a detailed proof. O

Now, based on Lemma the following lemma shows that J; (K') is gradient dominant.

Lemma D.2 (Gradient Dominance). Let K* be the optimal parameter and K be a parameter such
that J; (K) is finite, then we have the following lower bound for .J; (K) — J; (K*)

Ji(K) = Ji(K") 2 omin(Wo) - [TRIZT Te[(YRE - TR)T(TRK - TR)],
and the following upper bound
Ji(E) = Ji(K*) < 05, (R) - [| @

min

CTH(TEK - T3 (YK - T3],
Proof. See §F2|for a detailed proof. O
We now use the above results to show the convergence of Algorithm[2] Recall that according to
Algorithm 2] the parameter K is updated via

Koy =Ky —v- (YR K, = TR, (D.10)
where T K, 1s the output of Algorithm|3] We also define K n+1 as the exact update

K1 =K, —v- (Y2 K, - T3#), (D.11)
where Y g, is given in (B.7).

We proceed to bound |J; (K1) — J1(K™*)| in the sequel. First, we claim that J;(Ky) <
Ji(Kn-1) < -+ < J1(Kp) with high probability. We prove the claim by mathematical induc-
tion. Suppose that J;(K,) < Ji(Kp,—1) < --- < J1(Kp) (this holds for n = 0). Recall the

definition of K,y in (D.IT) and the definition of .J; (K) given in (B.6), we have
J1(Knir) — Ji(K,) = Eyonw,) [yT(Pkn+1 — Px, )y
= =2y Te[@g - (TR Ko = TR,)T (YR, K = YE,)]
97 Te[ @, (YR K = TR TYR, (YR, Ko — TR,
< -2y Te[Og - (TR Ko = T5) T (YR, K = YE,)]
+7 TR N TP (YR K = TR )T(YR K= TR )], (D.12)
where the first line comes from (D.9) and the second line comes from Lemma [D.T] Note that by the
definition of Y g in (B.7)), the term ||Tf,(2 ||« is upper bounded as

1722 [l < Rl + Bl - |1 Pr, e < Rl + | B - J1(Ey) - o (Te)
<R« + |Bl1? - J1(Ko) - o (W0).

Combining (D-12) and the choice of stepsize v < [||R|[« + || B||2 - J1(Ko) - o1, (V)] 1, it holds
that

Jl(f(n+1) —J1(Ky,) < —v- Tr[éf(nﬂ : (T%?nKn - T%(l,,,)T(T%(ZnKn - T%(ln)}
v Omin(Ve) - Tr[(Y32 K, — YR )T (Y3 K, — Y3 )]
- O—min(\lje) : Umin(R) : ||(I>K* ||*_1 : [Jl(Kn) - JI(K*)]7 (D13)
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where the last line comes from Lemma This also implies that J; (IN{nH) < Ji1(Kp).

Now, we use the following lemma to establish an upper bound of |.J; ( n+1) J1(Kpnt1)l-

Lemma D.3. Suppose that J; (K,,) < J1(Kjp). Under the conditions stated in Theorem [B.6] with
probability at least 1 — £'°, it holds that

iJl(Kn+1) - Jl (KnJrl)i S v Umin(\I]e) : Jmin(R) . ||(I)K* ||4T1 . 5/41 (D14)
where K, 1 is given in (D.10) and K, , 1 is given in (D.TT).
Proof. See §F.10|for a detailed proof. O

Now by applying Lemma|D.3] we know that if .J; (K,,) — J1(K*) > £/2, combining (D-13) and
, it holds with probability at least 1 — ' that

Jl(Kn+1) — Jl(Kn) S -y G'min(\IJe) . Umin( ) ||(PK*

This shows that with probability at least 1 — £*®, it holds that J; (K, 1) < J1(K,) < -+ < J1(Kp).
Finally, note that the total number of iterations N goes only with log(1/¢), we know that J; (K ) <
Ji(Kn_1) <--+ < Ji(Kp) with probability at least 1 — €13, as long as J; (K,,) — J1(K*) > £/2
for any n < N. This finishes the proof of the claim.

Also, when J;(K,,) — J1(K*) > /2, by (D.13) and (D.13), with probability at least 1 — '3, it
holds that

J1(Kny1) — J1(K™) < [1 — 7 Omin(¥e) - Omin(R) - ”(I)K*H*_l] : [JI(KTJ - Jl(K*)i~
Again, combining the fact that N goes only with log(1/¢), we know that
Jl(KN) — Jl(K*) S 8/2

L.e/4<0. (D.15)

with probability at least 1 — g!1

Now we only need to give an error bound of ||K,, — K*||r. We upper bound ||K — K*||r using
J1(K) — J1(K™*) in the following lemma.

Lemma D.4. For any K, we have

1K — K[ < 0 (W) 0in (B) - [J1(K) = J1(K7)].
Proof. See §F.3|for a detailed proof. O

Combining Lemma|D.4] we show the error bound || Ky — K*||p.

Part 2. We show that Jo(Kn,by) — Jo(K*, %) z}:(/ 2 with a high probability. Following from
Proposition it holds that Jo(K™*,b*) = Jg K N, ™). Therefore, to show that Jo (K, by) —
Jo(K*,b*) < e/2, we only need to prove that JQ(KN, bH) Jo(K*,0*) < g/2.

First, we use mathematical induction to show that JQ(KN,bH) < J(Kn,bg—1) < -+ <
JQ(KN,bl) < J2(Kn,bo), as long as Jo (K, by,) — Jo( Ky, b5N) > 5/2 for any h < H. Suppose
that Jo (K, bp) < Jo(Kn,bp—1) < -+ < Jo(Kn, bg) (this holds for h = 0). Recall that according
to Algorithm 2] the parameter b is updated by

brir =bp — " - Vi Jo (K, bp), (D.16)

where @bJQ(KN, bn) = ?%?N (—KnKy b, +0n) Jr?%(lN BKy by, + QK by, 18 the estimated gradient

at by, and the matrix T K and the vector ¢k, », are the outputs of Algorithm We define 5h+1 as
an exact update

b1 = by — 0 Vi do(Kn, by), (D.17)

where Vi Jo (KN, bn) = T3 (=K Ntk by, +bn) + TR Ky by, + Qi b, 1S the exact gradient at
bn, and Y ¢, and g 5, are given in (B.7). We proceed to bound Jo (K, bp+1) — Jo2 (K, bEN)
in the sequel, where bX~ = argmin, Jo(K, b).
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Note that by the convexity and smoothness of Jo (K, b) in Proposition we have

~ 2
J2(Kn,brg1) — Jo(Kn,bn) < —°/2- || Vo da(Kn, bi)||, < —vicy -7+ [J2(En, br) — J2(Kn, b5V))]
< —vgy -’ -e <0, (D.18)

where in the inequalities, we use the fact that J>(Kn, b) has ¢k, -Lipschitz continuous gradient
and is ¢, -strongly convex by Proposition Note that (D.T8) also implies that J2 (K, bpt1) <
Jo(Kn, br). Now, we only need to establish the error bound |J2 (K n, bpy1) — J2 (KN, brt1)|. The
following lemma quantifies |J2(KN7 bn1) — J2( KN, bpy1) ‘
Lemma D.5. Assume that J(Ky,b,) < Jo(Kn, by). Under the conditions stated in Theorem|[B.6]
with probability at least 1 — €'°, we have

| 2Ky, bgr) — o (K b)) | < vicy 7P /2, (D.19)

where V, Jo2(K N, bp,) is the approximate gradient given in (D.16)), while V,Jo(K y, by,) is the exact
gradient given in (D.17).

Proof. See §F4for a detailed proof. O

Now, by applying Lemma we know that if Jo(Kn, by,) — Jo( Ky, bEN) > ¢, combining (D-T8),
it holds with probability at least 1 — £'® that

JQ(KN,bh+1) — JQ(KN,bh) < —VKn -’yb . 6/2 < 0.

This shows that with probability at least 1 — !5, it holds that Jo(Kn,bp11) < Jo(Kn,bn) <
-+ < Jo(Kp,bp). Note that the total number of iterations H only goes by log(1/¢). Therefore, we
know that as long as Jo (K, by,) — Jo (K, b5~) > ¢ for any h < H, it holds that Jo (K, bgr) <
Jo(Kn,br_1) < -+ < Jo(Kp, by) with probability at least 1 — 3. By this, we finish the claim.

Then, if Jo(Ky, bp) — Jo(Kn, b5Y) > £/2, by (D.I8) and (D-19), with probability at least 1 — '3,
it holds that
T2 (KN, bpg1) — Jo(Kn, 05N) < (1= vy -4%) - [Jo(Kn, br) — Jo(Kn, b5V)].
Again, combining the fact that H goes only with log(1/¢), we know that
Jo(Kn,byr) — Jo(Kn, b5Y) < /2

with probability at least 1 — 1. Moreover, combining the fact in Proposition that Jo (K, b) is
strongly convex in b, we concludes the theorem. O

D.3 Proof of Theorem B.10)|

Proof. We follow the proof of Theorem 4.2 in [118]], where the authors only consider LQR without
drift terms. Since our proof requires much more delicate analysis, we present it here.

Part 1. We proceed to show that ((x 5, 0) is a saddle point of the problem (B.16). We first show that
Crp € Ve and §(() € Vg for any ¢ € V;, where () is defined as {(() = argmax, F'(C, ), by the
following lemma.

Lemma D.6. The vector Cx, = (J(K,b),afc )" € V. Moreover, for any ¢ € V., the vector £(¢)
defined above satisfies that £(¢) € Ve.

Proof. See §F.3|for detailed proof. O

Note that V¢ F(Cxp,0) = 0 and V¢ F({x 5,0) = 0, combining the above Lemma we know
that (Cx p,0) is a saddle point of the function F'(¢, &) defined in the problem (B:16). This finishes
the proof of our Part 1.

Part 2. We define the primal-dual gap of as

o~

gap(C, €) = gg;F(f, §) = min F(¢,6), (D.20)
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~

which indeed captures the performance of (C, ). In the sequel, we proceed to relate (D-20) with the
estimation error ||ax p — ok pl|2-

First, note that for the estimator E returned by Algorithm we have

Ery, [w(%u)]a + Ok, b22 —Eng, [c(x,u)w(m,u)] Hz + !Zl - J(K, b)‘2

)
Iy
—~
)
I
mE
93
><
5
)
7
~
I
aQ
&
=
Y
~
+
=
=
!
—~
oy

(D.21)

where the second line comes from @) and the definition of £(¢) in Part 1. Moreover, note that for
any £ € Vg, the follows hold:

min F(¢,¢) < min max F((,§) = Henn F[( f(C)]

CeEVe CEV: £EV:
1 2
~ 5 i { B [0 )6" + 0rca€? — B, et ][+ [t = (.07}
_o, (D.22)

where the first line comes from the definition of £(¢) in Part 1, the second line comes from (F14),
while the last equality holds by taking ¢ = (x, € V.. Further, we establish a lower for the LHS of

(D:Z1) as follows

[Erca [0 0)]8 + ©164@ — B el wis(e, )]+ (8 T, )

= [18s0(C = Creally = Vi 1€ = Crenllf = N
where the matrix © .o is given in (B:13)) and the scalar A is spec1ﬁed in Proposmon Combining
(D21), (D:22) and (D-23). we obtain the relation between gap(C, &) and ||dx s — g p 2

~

l@rs — axpl < A2 - gap(C, ). (D.24)

(D.23)

Part 3. We now proceed to upper bound the primal-dual gap gap(¢, §), then by (D.24) in Part 2, we
establish the upper bound of the estimation error |Gk — ok p||2. Note that since the state x and
action u follow Gaussian distributions, therefore, they are unbounded. First we utilize Hansen-Wright
inequality (Lemma[G.3)) to pick up an event where these two random variables are bounded. Before

pick up such an event, the following Lemmacharacterize the distribution of i, = 1/ T Zthl Zt,

where Z; = [T, ,u, | " is the concatenation of the state 7'; and the action %;. Then following transition
holds

Ziy1 = Lz + v + 6y,
where

L Ap+d 5 — we I A B
T \-K(Ap+d)+b)’ t=\—-Kw;+on)"’ —-KA —-KB)-

Note that we have
A B I
L= <—KA —KB> = (—K> (4 B).

Then by the property of spectral radius, it holds that

o(L) = p<<A B) (})) —p(A-BE) <1

Thus, the Markov chain {Z; };,>( generated by the transition admits a unique stationary distribution

N(pz, 3.). The following lemma characterizes the average fi. = 1/T - Zle Zt.
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Lemma D.7. The average fi, = 1/T - Y.[_, %, where Z; = [#], %, |7, satisfies that
~ 1 1<
Mz ~ N(MZ + =MF, ~E~)7
Tt

where p17 and if are bounded such that there exist positive absolute constants M,, and My, such
that ||pzll2 < My, - (1= p) =2 - [|pz |2 and [|S5]lp < Ms - (1 — p)~' - |2, ||p. This gives that with

probability at least 1 — 7=, it holds that

~ log T 9
I = pelle < = - (=) ~poly ([ @xll, 1K [g, 1bll2, llll2)-
Proof. See §F.6|for a detailed proof. O

The above lemma also gives the error bound ||fixp — tix b 2-
Now, note that for any z ~ A(11, ), the random variable z — i, + 1/T - pz follows V' (0, X, +
1/T -X5). By Lemma there exists an absolute constant Cj, > 0 such that

PU Iz — oo + 1T ]2 — Te(S2)| > T} < 2. exp [_co min (7|3 |52, T||iz\|;1)},

where, for notational convenience, we write the matrix &, = ¥, + 1 /T" . if. By taking 7 =

Cy-logT - ||§]Z |lr for some sufficiently large positive absolute constant C1, the above inequality
takes the form

P[\Hz — e+ 1T pgll3 = Te(S.)| > Cy - log T - |lizl|F] <T7° (D.25)
We define the following event for any ¢ € [T7:
Eix = {|llze = 712+ 1/T - uzl}3 = Te(E2)| < C1 - og T+ || I -

Then by (D:23), we know that P(€; 1) > 1 — T for any ¢ € [T]. Also, we define & = Nye(71€r.1
then we know that P(&;) > 1 — T-5 by union bound. Also, by the definition of &1, conditioning on
the event &1, it holds that

a2 — -} < Ci-log T+ [l + T(E2) + 11/T -

<20y - [1+ Ms(1 - p)"YT?] log T+ |8l + Mu(1 = p)7%/T? |3
<Cy-logT- (14 [|K[[7) - [@xlls - (1= p)~" + Cs- (05 + llpll3) - (1= p)~*-T72
<205 - logT - (1+|K[2) - |kl - (1 —p)~ (D.26)

for sufficiently large T. Here C5 and C} are positive absolute constants. Moreover, we define the
following event

& = {llfi= — p= + 1/T - pzl2 < C1 }.

Then by Lemma we know that P(&3) > 1 — T-5 for sufficiently large T. We define the event &
as the intersection of the event £; and &, then by union bound, we know that P(£) > 1 — T-5_7-6,

Now, we define the truncated feature vector ¢ (z, u) as ¥ (z, u) = 12)\(1137 u) 1¢, and also the truncated
objective function as

F(6,€) = {E@)C +E[( - )] ¢ - E(E&)}Tf + ¢ -E@] €' - 1/2- i€l
(D.27)

where we write ¢/ = 1(, u) to simplify the notations, the function ¢ = &(z, u) is the truncated cost,
which is defined as ¢(z, u) = ¢(x, u) 1¢, and the expectation is taken over the trajectory generated

by the policy 7k 5. The following lemma establishes the upper bound of |F(¢, ) — F(¢, €)|, where
F(¢,€) and F(¢, €) are given in (B.16) and (D.27) respectively.
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Lemma D.8. Given F'(¢,¢) and (¢, €) in (B.16) and (D.27), it holds that

_ 1 logT
[F(¢,€) — F(¢.9)] < [2T t S

|- o2 poty (15T e e, T ).
with probability at least 1 — T-6.
Proof. See for a detailed proof. O

By Lemma we know that with probability at least 1 — T, it holds that

ap(C.6) -~ by FC.€) ~ i PG|

feVg
1 logf 9

Therefore, to obtain the bound of gap((, ), we only need to bound the term maxgcy, ﬁ(a ) —

mingey, F (¢, E ) in (D.28). We first use the following lemma to characterize the dependency of the
trajectories generated by the policy mx ;, and the state transition in Problem [2.2}

Lemma D.9. Consider a linear system x;1 = Dx; + d + €, where {2;};>0 C R™, the matrix
D e R™*™ gatisfying p(D) < 1, the vector d € R™, and ¢; ~ N(0, X2) is the Gaussians. We denote
by w; the marginal distribution of x; for each ¢ > 0. Besides, it is easy to verify that the stationary
distribution of this Markov chain is a Gaussian distribution N'((I — D)~!d, ¥,), where X, is the
covariance matrix. We define the S-mixing coefficients for any n > 1 as follows

B(n) = iggErwwt |:||Pmn(' |zo =) — PN((pD)fld,zw)(')HW}-
Then, for any p € (p(D), 1), the mixing coefficients satisfy that

B(n) < Cpp - [Tr(Seo) +m- (1= p)72] "7 p",

where the scalar C), p 4 is a constant which only depends on p, D and d. We say that the sequence
{z¢}1>0 is B-mixing with parameter p.

1/2

Proof. See Proposition 3.1 in [106] for a detailed proof. O

Note that under the state transition in Problem the sequence {x; };>¢ follows (B.I)), where the
matrix A — BK satisfies that p(A — BK) < 1. Therefore, according to Lemma|D.9} we know that

the sequence {z; = (2] ,u; )T }+>0 is B-mixing with parameter p € (p(A — BK),1). Now the
following lemma helps us to establish the primal-dual gap for a convex-concave problem.

Lemma D.10. Let X’ and ) be two compact and convex sets such that |z — /|| < M and
ly — 4|l < M forany 2,2’ € X and y,y’ € ). We consider solving the following problem

i F :Esww G » Y3 )
min max F(z, y) AG(z,y56)]

where the objective function F'(x,y) is convex in  and concave in y. In addition, we assume that the
distribution w, is the stationary distribution induced by a Markov chain {¢; }+>o, which is 5-mixing
with 5(n) < C. - p", where C. is a constant. Moreover, we assume that it holds almost surely that

G(z,y;¢€) is Lo-Lipschitz in both z and y, the gradient V,G(x, y; €) is L;-Lipschitz in z for any
y € Y, the gradient V,G(z, y; €) is L1-Lipschitz in y for any z € X, where for simplicity we assume
that C¢, Lo, L1 > 1. Each step of our gradient-based method takes the following form:

rp1 =Ty [xt —Yit+1 - VaG(24, yis 6t)]7 yer1 =Ly [yt - Yt+1 - vyG(xta Yt; Gt)],

where the operators I" x and I'y projects the variables back to X" and ), respectively, and the stepsizes
take the form v; = o -¢~'/2 for some constant 7o > 0. Moreover, let 7 = (Zthl )7t (Z?:l Vext)
and y = (Zle Ye) ! (23:1 vty ) be the final output of the gradient method after T iterations, then
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there exists an absolute constant C' > 0, such that for any 6 € (0, 1), the primal-dual gap to the
minimax optimization problem satisfies that

(M2 4 L3 + LoLy M) log? T + log(1 -C.LoM
maXF(&,‘\, y) _ minF(m,fy\) < ¢ ( + Lo + Lol ) . og + Og( /6) + C-CcLy
TEX yey log(1/p) VT T

with probability at least 1 — §.

Proof. See Theorem 5.4 in [[118]] for a detailed proof. O
To use Lemma|D.10| we define the function G (¢, & 0, ) as

~ ~ ~ ~ ~ o~ ~ T
G(G&6,0) = [0¢ + (- F)8T ¢ =T] €+ (-9 —1/2- ¢l

where recall that {/; = J(x, u) and 1:1;’ = (2, ). Note that its gradients take the form

¢ -g-¢!

- ~ TT 2 1 o
Vb )= (55 3 a) Vet = (go ¢ pié e

P(h — ') TE2
By Condition [B.9]and Lemma[D.6] we know that
IVG(C, &, 9], < poly (| K|l J (Ko, bo)) - log® T - (1 — p) =2,
[VeG(¢, &2, 4")]|, < poly (K Ir, l|pllz, T (Ko, bo)) - log® T - (1 — p) 2. (D.29)

This gives the Lipschitz constant L in Lemma for G(C, €;4,1"). Also, the Hessians take the
forms

VG &0, 0) =0,  VEG(&9,4) =1,
which follows that
[V2:G(C &b, 4], =0, ||[VEG(E, &8,9)], = 1. (D.30)

This gives the Lipschitz constant L; in Lemma for V.G((, &; 0, J’) and V:G((,§; 0, {ﬁv’)
Moreover, note that (D.26) provides an upper bound of M, combining (D:29), (D-30) and Lemma

[D:10} we know that

~ =~ =~ _ poly(|K]e, [l1zll2, J (Ko, bo)) - log® T
F ’ - F ’ S
max (¢,¢) min (¢;¢) (- )i VT

holds with probability at least 1 — 7~°. Combining (D.24) and (D-28)), we conclude the theorem. []

E Proofs of Propositions

E.1 Proof of Proposition 3.2]

Proof. We follow a similar argument as shown in the proof of Theorem 1.1 in [[103] and Theorem
3.2 in [L1]]. Note that for any policy g € I, the matrix K and the vector b uniquely determine the
policy. This motivates us to define the metric on II as follows.

Definition E.1. For any 7k, 1,,TKk,.b, € II, we define the metric on the set of policies II as
1761 by = THo b ll2 = €1+ [ K1 = Kalw 4 c2 - [[b1 = bal|2,

where ¢; and co are positive constants.

One can easily verify that the above definition satisfies the requirement of a metric. We first evaluate
the forms of the operators A;(-) and Aa (-, -).

Forms of the operators A;(-) and Ay(-,-). Itis obvious that
Ay (p) = m,

31

).



where 7, solves Problem We now turn to As(u, ), which gives the new mean-field state
generated by the policy 7 under the old mean-field state 1. Note that in Problem [2.2] the sequence
of states {x; };>0 constitutes a Markov chain, which has a stationary distribution. Thus, by taking
the expectation of the state transition in Problem and using the linear-Gaussian policy w(x) =
— K x+ by 4+ on, we have pipey = (A — BK ) tinew + (Bbr + A+ d). By solving the equation, it
holds that
Ao (p, ) = pinew = (I — A+ BK ) ' (Bby + Ap + d).

This gives the form of As(-, -).

Next, we compute the Lipschitz constants for both operators A (+) and As(+, ).

Lipschitz constant for A;(-). Note that by Proposition for any p1, o € R™, the optimal
parameter policy K* is fixed for Problem Therefore, by the form of the optimal b* given in
Proposition[B.2] it holds that

[ A1 (1) = A2, < ez H [(1-A)Q'(I-A)T +BR'BT| 4

N @ =T = RBT|| -l — pallz
=cy Ly [lp1 — pall2. (E.1)
Lipschitz constants for As(-,-). Note that by Proposition[B.2] for any 111, 12 € R™, the induced

optimal parameter policy K * is fixed for Problem[2.2] We thus have for any 7 € II such that 7 is an
optimal policy under some ;. € R™, it holds that

| Az (p1, ) = Ao(pa, m)||, = |1 = A+ BKx) ™" - A+ (u1 — p2)|,
< [1=p(A=BE")] AL - |ln1 — poll2
= Lo - ||p1 — pall2- (E.2)

Moreover, for any 71, o € 11 such that there exists p1, o € R™ such that 71, w5 are optimal under
141, t2, and for any population mean i € R™, we have

| Az (g, 1) = Ao(p, m2) ||, = ||[(I = A+ BK*)™'B - (b, — by,) |,
< [1=p(A = BE")] "Bl - by — busll2

=c;' Ly ||m — molla. (E.3)

Now we proceed to show that the operator is a contraction. For any p1, s € R™, the following
inequality holds:

[A(u1) = A2, :HAQ(M,Al(m)) — A (p2, Ax(p2)) H2

SHAz (11, A1 (p1)) — Ao (pa, Ax(p2)) H2+HA2 (11, A1 (p2)) — Ao (p2, A1 (p2)) H2
<yt Ly|[Ar(p) — A ()|, + L2 - 1 — p2ll2

<cy'-Ly-co- L = p2llz + Lo - 1 — polla = (LaLa + Lo) - [ — pzl2,
where in the second line, we use triangular inequality; in the third line, we use (E-2) and (E-3); in the
last line, we use (E-I). By Assumption[3.1] we know that Ly = Ly L3 + Lo < 1, which shows that
the operator A(-) is a contraction. Therefore, by Banach fixed-point theorem, we conclude that A(+)
has a unique fixed point, which gives the equilibrium pair of Problem 2.1 O

E.2 Proof of Proposition [B.2]

Proof. Note that by the definition of J (K, b) in (B.6) and the definition of y1x 4 in (B:2), the problem
ming, Jo (K, b) is a constrained optimization program

T
min [ Q+K'RK —K'R\ (puxp
MK bsb b —RK R b

st. I —A+ BK)ukp— (Bb+ Ap+d) =0. (E4)
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Consider the KKT conditions of (E-4), the minimizer satisfies that
IMy ("f;?K) +NxkA=0, N[ (“’g;?") +Ap+d=0, (E.5)

where we that

K'TRK —-K'R —(I-A+BK)T

By solving (E:5), we obtain the minimizer to the program as follows
(“g;?ﬂ = M N (Np M N )7 H(Ap + d). (E.6)

By substituting into the definition of J3 (K, b) in (B.6), we have
Jo(K,05) = (Ap+d) " (Np M N )" (Ap + d). (E.7)

Moreover, by algebra, we have

M*1 B Q—l Q—lKT
E “\KQ™' KQ'KT+R')"

Therefore, the term N, M ' Ng in (E.7) takes the following form
NEMg N = (I - A)Q Y(I—-A")+ BR'B".
Combining (E.7), we have
Jo(K,05) = (Ap+d)T[(I— A)Q "(I—AT)+ BR'BT] ™ (Au + d).
Also, combining (E:6), we have

(5 ) = (@ 2y v ) [0 = Q0 =47 4 BRI BT (i )

Then we finish the proof of the proposition. O

E.3 Proof of Proposition [B.4]
Proof. By the definition of the cost function ¢(x,u) in Problem[2.2] we have
Ec; = E(z] Qzy 4 u Rus 4+ 1" Qp)
= E(z; Qu; + 2] K" RKx; — 20" RKx; +b" Rb+ o0 Ry + 11" Qu)
=E[z, (Q+ K'RK)z; —2b" RKz;] +b' Rb+ 0> - Tr(R) + 1" Qpu, (E.8)

where in the second line we use the form of the linear policy. Therefore, combining (E:8) and the
definition of .J(K, b) in Problem[2.2] we have

T
1 _
J(K,B) = lim Z{E[;J(Q + KTRK)z; — 20" RKx,] +b" Rb+ MTQM}
t=0

=EunN(ursr) [0 (Q+ K REK)x — 20" RKx| +b"Rb+ 0 - Tr(R) + pu' Qp

=Tr[(Q + K "RK)®k] + (uxp) (Q+ KTRK )y — 26" RK gy +b" Rb+ 02 - Tr(R) + 1" Q.
Now, by applying (B3) and (B-4) repeatedly, we have

Tr[(Q + K" RK)®] = Tr(Px T.),

where Py is given in (B:4). This finishes the proof of the proposition. O
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E.4 Proof of Proposition B.1]
Proof. By calculating the Hessian matrix of Jo (K, b) directly, we have
V3, Jo(K,b) =B"(I — A+ BK)" " (Q+ K"RK)(I - A+ BK)™'B
—[RK(I-A+BK) 'B+B'(I-A+BK) "K'R|+R
=[VRK(I - A+ BK)"'B~VR|' [VRK(I - A+ BK)"'B — V]
+B"(I-A+BK)""Q( - A+ BK)'B,

which is a positive constant matrix, whose minimum singular value is denoted by vx > 0. Moreover,
note that the spectral norm of V3, .J>(K, b) is upper bounded as

2

[V 2 (K, 0)|, < [1 = p(A—BEK)] - (IBIZ - K[ [1R]l + [ BIE - [Qll+)-

Therefore, we know that the maximum singular value ¢ of V3, Jo(K, b) is upper bounded
-2
i < [1=p(A=BEK)] - (IBIE - IK12- 1R« + B2 - 1QIl.)-
This finishes the proof. O

E.5 Proof of Proposition B.5]

Proof. 1t holds that
Vi [Tr(Px¥.)] = 2[(R+ B"PxB)K — B Px A] O,
also, we have
T T
Vi [(uxp) (Q+ K'RE)uk ]
=2[RK —B"(I - A+ BK)""(Q+ K"REK)|uxp(pxp) "
V(" RKpukp) = [R—B'(I—A+BK) "K' R]b(ukyp) '

Combining the above equations, we obtain the form of V x J; (K'). Moreover, the form of V;,J (K, b)
is obtained simply by taking gradient w.r.t. b, combining the definition of y1x 5 in (B:2) and the
Lyapunov equation (B23)). This concludes the theorem. O

E.6 Proof of Proposition [B.3]

Proof. From the definition of Vi ,(z) in (B:8) and the definition of the cost function ¢(x,u) in
Problem [2.2] it holds that

Vico(z) = Z{]E[:J (Q+ KTRK)x; — 20" RKx,
=0
+bTRb+ o2n) Ry + 1 Q| wo = 2] — J(K, b)}.
Combining (B.T), we see that Vi ;(x) is indeed a quadratic function taking the form Vi (z) =

" Ga+r"x+h, where G, r and h are functions of K and b. Note that Vi () satisfies the Bellman
equation, i.e.,

Vip(z) = c(z,—Kz +b) — J(K,b) + E[Vk (') | 2],
then by substituting the form of ¢(x, — Kz + b) in Problem[2.2)and J(K, b) in (B-3)), we obtain that
' Gr4+r'z+h=2"(Q+K RK)x—2b' RKxz+b " Rb+ ' Qu
— [Te(Pr®e) + (urp) (@ + KT RE )prcp — 20" R jugcy + pu' Qu+b' Rb)
+ [(A= BK)z + (Bb+ Au+d)] G[(A - BK)z + (Bb+ Ap + d)]

+Tr(GV,) +r' [(A— BK)x + (Bb+ Ap+d)| + h— o - Tr(R).
(E.9)
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By comparing the quadratic terms and linear terms in (E.9), we obtain that
G:PK, 7”:2]0[(71,.
Also, by the definition of Vi () in (B-8), we know that E[V ; ()] = 0. Therefore, we have
h=—2fk s — (pxp) Prirpy— Tr(Pr®r).
This finishes the proof of (B.10).

For the action-value function Q k (z,u), by the definition in (B9) and (B:10), we obtain (B-T1).
This finishes the proof of the proposition. O

E.7 Proof of Proposition [B.7]

Proof. By Proposition @, it holds that () i , takes the following linear form

Qrpl(x,u) =(z,u) axy + Brs, (E.10)

where Sk, is a scalar independent of x and u. Given the ergodic cost, recall that the Bellman
equation takes the form

Qrp(x,u) = c(z,u) — J(K,b) + Er,\ , [QKJ,(:E/, u') |z, u], (E.11)

where (2, u') is the state-action pair after (z, u) following the policy 7k ; and the state transition.

Combining and (E.TT)), we obtain that
Yz, u) akp = clz,u) — J(K,b) +Er,, [0(2/,0) |a:,u]TaK,b. (E.12)
By left multiplying v (x, u) to both sides of (E-12)), and taking the total expectation, we have
T
Eﬂ'K,b{q/}(xv u) [77[}(Ia ’LL) - 7/’(17/a u/)] } QKD + EﬂK,b [w(xa U)] : J(K, b) = ETK’Kyb [C(I, U)¢($, u)] .

Combining the definition of the matrix © x 5, in (B:14), we conclude the proposition. O

E.8 Proof of Proposition B.§]

Proof. Invertibility and Upper Bound. We first introduce some notations. We define the vector
z=(x",u")T. Then following the state transition and the policy 7x 5, the transition of = takes the
form

Y =Lz+v+6, (E.13)

where the matrix L and vectors v, § are given as

- Ap+d 5= w I — A B
T \-K(Ap+d)+b)’ T \-Kw+on)’ “\-KA —-KB)"-

Note that the matrix L also takes the form

L= (_IK> (A B).

Combining the fact that p(UV) = p(VU) for any matrices U and V, we know that p(L) =
p(A — BK) < 1, which gives the stability of (E.I3).

Note that by (E-13)), we see that the mean y, and the covariance 3, satisfy the following equations

pro=Lp. +v, N, =LS.L" + s, (E.14)
where the matrix Wy is the covariance of the vector §, which takes the form
. — v, —U KT
$=\=-KVU, KU,KT +0¢%)"

Also, the covariance matrix X, takes the following form

T
_ 5% —(PKKT . 0 0 I I

Now, we establish the following lemma.
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Lemma E.2. The matrix O 4 in takes the following form

_ (22 @) - L®, L)T 0
Owp = ( 0 S.(I-L)T )"
Proof. See for a detailed proof. O

Note that since p(L) < 1, both the matrices I — L ®; L and I — L are positive definite. Therefore,
by LemmaE [E.2] the matrix O is invertible. This finishes the proof of the invertibility of the matrix
© k. Moreover, from (E.I3) and Lemma[E-2} we upper bound the spectral norm of O ; as

|©xcoll- < 2max{||zzui (U ILIZ), Il (L L) }
2
<A <4+ K1) 1okl
This proves the upper bound of the spectral norm.

Minimum singular value. To lower bound o ,;;, ((:) K.b)> we only need to upper bound O'max(é[_(’lb).

We first proceed to calculate (:j[_(lb. Recall that the matrix © Kb in the linear system takes the
following form

~ 1 0
®K7b - <]E7TK,b [1/)(ffau)] eK,b) '

By the definition of the feature vector ¢ (z, u), we know that the vector o, = E., , [¢(z, u)] takes
the form

G. =By, [, u)] = <5V6C<22)> , (E.16)

0k+m

where Oy, denotes the all-zero column vector with dimension k +m. Also, since © g , is invertible,
the matrix © g is also invertible, whose inverse is given as

~ 1 0
-1 _
Okp = ( Ok 0 @;(}) ‘
The following lemma characterizes the spectral norm of the matrix é;(lb.

Lemma E.3. The spectral norm of the matrix @ b is upper bounded by some positive constant Ak,

where )\K only depends on p(A — BK), 0 and oyyin(P,,).

Proof. See §F9|for a detailed proof. O

By Lemma we know that minimum singular value of the matrix ) Kb 1s lower bounded by a

positive constant Ay = 1/ i, which only depends on p(A — BK), o and o min (¥,,). This concludes
the proposition. O

F Proofs of Lemmas

F.1 Proof of Lemma D.1]
Proof. By the fact that Py, satisfies the Bellman equation in (B.4)), we have

y' P,y = ZyT [(A- BKz)t]T(Q + K RK>)(A— BK»)'y

t>0

By the transition y; 1 = (A — BK3)y;, we know that y; = (A — BK>)'y. Therefore, it holds that
v Py => vy (Q+ Ky RKa)ye = > (y) Qui + v/ K5 RKayy).

t>0 t>0
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Then by telescoping, we have

v P,y —y Py =Y () Qui + v K3 Ry + yl1 Pryers — u Pyye). (R
>0

Also, for any ¢ > 0, we have
v Que + vy K3 REsy: + v/ P,y — v/ Pryue
=y [Q+ (K2 — K1 + K1) R(K> — K1 + K1) |w
+y/ [A— BK, - B(Kz — K1)] ' P, [A~ BK1 — B(Ka — K1)y — 3 Pr, e
=2y (Ky — K1) [(R+ BT P, B)K1 — B Pr, Ay +y (Ko — K1) (R + BT Pr, B) (K2 — K1)y
=2y (K — K1) T (YR K1 — YR )y +y/ (K2 — K1) T 0% (K2 — Ky, (F2)
Combining and (E2)), we finish the proof. O

F.2 Proof of Lemma

Proof. Upper Bound. From the definition of .J; (K) in (B.G), we have
Ji(K) = Ji(K*) = Te(Pg Ve — Pg-Ve) = Eyonow) (y' Pry —y ' Pr-y)

= —Eynw.) [Z D i~ (yt)] ; (E.3)

t>0

where in the last equality, we apply Lemma and {y; }+>0 follows the transition y;41 = (A —
BK*)y;. Also, we write Dy g~ (y) as

Drcxe-(y) =2y" (K" = K)(YRE = Ty +y " (K™ — K) ' TR(K" - K)x
=y [K" — K+ (TR) 7 (YRE - Y3)] YR[K" - K+ (YR) 7 (YRE - 1))y
—y (TRE - TR) (TR (TRE — Ty (F4)
Note that the first term on the RHS of (F4) is positive, due to the fact that it is a quadratic form of a
positive definite matrix, we therefore lower bound D g~ (y) as

Dy - (y) > =y (YRK = TR) T (YR) " (TRK = TR)y. (E5)
Therefore, combining (F3)) and (F3), it holds that

> uwl

t>0

JI(K) = J(K7) < |[Eyoono,w,) CTe[(TRE = TR)T(TR) TN TREK - TR)]

= [ ®x- |l - Te[(YRE = T3)T(0R)(YRK - T3]

<)M, M@k - Te[(TRE = TR T (YRE - TH)]

< omin(R) @ - T [(YRK - YR) T (TRK — T3],
where the second line comes from direct computation, while the last line comes from the fact that
Y% = R+ B"KPp =< R. This complete the proof of the upper bound.

Lower Bound. Note that for any K , it holds that

J(K) = J(K*) > J(K) = J(K) = —Eyponon,) [Z DK,f((yt)] , (F.6)
t>0

where {y; }+>0 follows the transition y;11 = (A — BK )yz. Therefore, by choosing K=K -
(Y33)"H (Y%K — T%), by a similar calculation in (F4), the function D, (y) takes the form

Dy ly) ==y T (YRK = YR)T(Y) " (TRK - T&)y. (E7)
Combining (F.6) and (F7), we obtain a lower bound as
J(K) = J(K*) 2 Te[@p (YRE = T3) T (YR) H(TRK — TR)]
> omin(Ve) - [ITRITT Tr[(YRE - TR) T (TRK - TR)].
Here in the last line, we use the fact that ® z = W.. This finishes the proof of the lower bound. O
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F.3 Proof of Lemma|[D.4

Proof. Note that from Lemma D] it holds that

I(K) = J(K") = E{Z[?y? (K = K*) (YK = T3y + o] (K = KT (K — Ky }
t>0

=Tr[Ox (K — K*) ' T3L (K — K)]
> @l - IR - Te[(K — K*) T (K — K*)]
2 Umin(\lle) : Umin(R) ° ||K - K*||125‘a

where {y; }+>0 follows the transition y;1; = (A— BK)y;. Here in the second line, we use the fact that
Y22, K* — Y2, is the natural gradient of .J; (+) evaluated at K *, which implies that Y22, K* — Y%L, =
0; while in the last line, we use the fact that | ®x ||, > omin(V.) and || T2 ||+ > omin(R). This
concludes the lemma. O

F4 Proof of Lemma|[D.3]

Proof. Note that by Proposition we have

Jo(Kn,bng1) = Ja(Kn, brir) <47 Vido (K, bpga) " [VoTa(Kn, bn) - Voo (K. o]
12 i 2 Vo (B, ) = Faa(K, b)
JQ(KNth) (K bps) < —AP - vbJQ(KN7Zh+1)T (Vo Jo(Kn,by) — @bJQ(KN,bh)]
= (") iy /2 || Voo (KN, bn) — ﬁbJQ(KN’bh)H;
(E8)
Also, we upper bound ||V, Jo (K n, by 41) |2 as

Vo da(Kn, i), < polyy (IKnlle, a2 lellz, J (K, bo)) - [1 = p(A — BKy)] . (F9)

Combining (F8), (F9) and the fact that vg, < 1y, < [1 — p(A — BKy)]~2 - poly, (|| Kn]|«), we
know that

| 2 (B, bgr) — 2 (K bagr)|
<4 poly; (IKn|r, 1ball2, | ll2, J(Kn, bo)) - Vo da (K, by) — ﬁbjz(Kmbh)HQ 1= p(A- BKN)}_l
+ (702 - poly, (K wl«) - || Voo (B, b) — Vi da(Kn. by ||a - [1 — p(A — BKN)]

Note that from the definition of V. J3(K v, by,) and ﬁbJQ(KN, br), we have

Vo Jo(Kn,br) — Voo (K, bn) |,
< TRy = YR M BN Tk bn ll2 + 105 e NN - e b — s b2 + (X5 = TR Ml - 1ball2

+ HT%{lN - T%N H* : ||//’ZKN;bhH2 —+ HT%{lNH* . ”ﬁKNJ?h - lu’KN7bh||2 + HZ]\KNJ?;L - qKN,bhHQ'

From Theorem [B.10} combining the fact that Jo(Kn,bn) < Ja2(Kpn,bo) and the fact that

ik n pll2 < J(Kn,ybo)/omin(Q), we know that with probability at least 1 — (7°)~% — (T)~6, it
holds that
| Voda (KN, by) — ﬁbJ2(KN7bh)H2

log® T n log!/? va{
(TOVA1 = p)2 (T8 . (1—p) ]

< Agn - POLys (1w [l [[bn 2 112, T2 (K n, o)) -
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To show that (D.19) holds, we only need to pick 4, T and T? such that

7" - polyy ([|Ew lle, 1ballz, [lll2, T(Kn. bo)) - Ay, - polys (K w [w, lbnllz, Il 2, J2 (K x, bo))
log® b logl/2 T?

+ —=
(THYH1=p)?  (THVE- (1~
log® T° logfb

- pol K K . =
po y3(|| N||F7 ||bh||2> ||/.L||2, JQ( N’bo)) |:<Tg)1/2(1 — p)4 + (T3)1/4 (1 —

SVKN',yb.E/27

in other words, we pick

7" <minf1 - p(4— BEy), [1 = p(Ad— BEN)] - (IBI2 -1 Knl2 - IR+ 1BI - Q1L }.

T} = poly, (1K N [e: [1bnll2s [l J(Kn,bo)) - Ay - vics - (1= p) 10 e75,
Ty, = polys (1w [ [on 2, llpll2, (K, bo)) - Aiy - vieh, - (1= p) 71075,
then (D.19) holds with probability at least 1 — £!°. This corresponds to the choices of parameters in
the statement of Theorem[B.6] We then finish the proof. O

F.5 Proof of Lemma|[D.6

Proof. Part 1. First we proceed to prove that ( ; € V¢. Note that from Condition@, we know that
Cip = J(K,b) satisfies that 0 < (-, < J(Ko, bo). It remains to show that (3 , = axp satisfies
that ||C% ,[l2 < M¢. By the definition of oy, in (B.T3), we know that
lar sl < ITwlE+1Tx)2 - (laxpls + lukol3)
2 - 2
+ (1Al + 11BI1+)™ - (1Pl - [Ap + dll2 + 11 fxbl2) (F.10)

where for notational simplicity, we denote by . , the mean-field action, i.e., i , = —Kprp + .

We only need to bound T, ik b, u'f(’b, Py, and fx ;. Note that the expected total cost J (K, b)
takes the form

J(K,b) = Tre(PxVe) + (uxp)  Quicy + (uh ) "Rute , +0° - Tr(R) + p Q.
Thus, we have
J(Ko,bo) > J(K,b)
J(Ko,bo) > J(K,Db)
J(Ko,bo) > J(K,b)
which imply that

O'min(\I/w) ' Tr(PK) Z Umin(\l’w) ' HPK”*’
(prn) " Qurcy > omin(Q) - I pll2,
( )TR,U/IIL(,Z) > Umin(R) ' H/”’?{,b”27

(AVARLVARLV]

HPK”* S J(KOabO)/O'min(\I/w)a H,uK,b”Q S J(K07b0)/0'min(Q>7 ||1UIIL(,I)H2 S J(KOabO)/Umin(R)~

(F11)

For T g, note that we decompose the matrix in the following way:

e (¢ 4) (B

ITxclle < (IRl + | Bllp) + (IAIE + [1BIE) - | Pl
1Tkl < (1QU + I1RIL) + (1AlL + 1BIl.)* - | Pl
Combining (FIT) and the fact that ||U||g < /m - ||U||. for any U € R"™*™, we know that
ITxlle < (1QIr + I Rlle) + (1A + 1B]E) - vim - J (Ko, bo)/omin (V)
1Tl < (IQ + 1Rl + (1AlL + [BI1)* - T (Ko, bo) /Tamin (o). (F.12)

which gives
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Now we focus on the bound of the vector fg ;. Note that we write fx ; in the following way
frw=—Pgprp+ (I —A+BK) " [Quiy — KRy ],
we therefore upper bound fx p as
_ _ -1
I fxcallz < T (Ko, b0)? - 0 (Veo) - 050 (@) + [L = p(A = BK)] ™ - (kg + ki - | K]|r)
(F.13)
Combining (F10), (FIT), (F12) and (FI3), we know that [|C2. , « [l2 = [lag px[l2 < Meq + Mc o -
(1+ || Kllg) - [1 — p(A — BK)]~*. Therefore, we know that (x yx € V.
Part 2. Now we show that for any { € V;, we have £(¢) € V¢. Note that £(¢) is given by

¢H(Q) = ¢' = J(K,b5),

E2(C) = Eny i [, w)]CH + Ope e (P — B [els )i, ). (F14)
Then we have
€O = [¢" = J(K,b)] < T (Ko, bo) (E.15)
and also
1€, < [Enp e @ 0] ||+ 10kc0m 1 - 1622 + B e, it w)] |- E16)
—_—————
B, B2 Bs
Note that we upper bound Bj as
By < J(Ko,bo) - [Eny i [0, ]| < (Ko, b0) - 1 I, (E17)
where X, is given in (E-I3). Also, by Proposition[B-8] we bound B as
By < A(1+ ||K|[2)* - |@x|? - (Mc1 + Me2) - [L — p(A— BE)] ™. (F.18)

As for the term Bs in (F16), we utilize the following lemma to provide an upper bound.
Lemma F.1. The vector E; . [c(z,u)1(x, u)] has the following form

2svec[X.diag(Q, R)E. + (X.,diag(Q, R))X. |

ETFK,bK [C(.%, U)w(i’% ’U,)} = ) 2@,“/5(,1)
i QRNKJJ
o svec(X,)
+ ((HK,b)TQMK,b + (ﬂlf(,b)TRUUK,b + 1 Qu) (())m .
k
Here the matrix X, takes the form
5w Dy —d KT
T\ _K®x KOxK' +02-1)°
Proof. See §F.T1|for detailed proof. O

From Lemma[FI]and (FTT)), we obtain the upper bound for B
By < 3[1Qllr + 1 Rllp + J (Ko, bo) |Ql/ 0ain (Q) + T (Ko, bo) | Rl / oanin (R)] - |13
(F.19)

Moreover, by the definition of X, in (E-I3), combining the triangular inequality, we have the following
bounds for the Frobenius norm and spectral norm of X, respectively:

IZ:le < 2d+ IKIF) - N@xlls,  18:0h < 200+ [KI) - |9kl (F.20)
Also, by similar techniques we used in deriving (1)), we have
J(Ko,bo) > J(K, ") > Tr[(Q + KT RK)®x| > || ®k]l+ - omin(Q),
which gives the upper bound for ® g as follows
[Pk ||+ < J(Ko,b0)/Tmin(Q)- (F.21)
Therefore, combining (F-16), (F17), (F18), (E19), (F-20) and (E21)), we know that
3 -1
€2, < O+ (Mca + M2) - T (Ko, bo)? /05 (@) - (14 [K[R)" - [1 = p(A = BK)] .
(F.22)
By (F13) and (F.22)), we know that £(¢) € V¢ for any ¢ € V.. From this, we conclude the lemma. [J
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F.6 Proof of Lemma|[D.7]

Proof. Assume that Zy ~ N (114, 3+). Recall that the following transition holds

thrl = th +v+ (515. (F23)
We know that
t—1 t—1
5~ N (Lt Wi + ZL’ (LTS L + Z L") %LZ) (F.24)
i=0 1=0

where W is the covariance matrix of d;, which takes the form
U — v, KU,
= \KU, KU KT +0%1)"
From (F.23)), we know that 1, takes the form
w, = (I — L)flu = ZLjV.
=0

Therefore, combining (F.24)), we have

_ 1 1 i
E(fi.) = pis + = ZLtuT - = Z ZL v. (F25)
T t=1 T t=1 i=t
It holds that
1 T 1 T oo
ST S W
t=1 T == 2
1 T
<= ZP( )" |2 + Zp Cllvlle
T t=1 t 1 =t
-1 _9
[1—p(L)] [1-p(D)]
S ~ M + —_— V
7 [t |2 n V|2
<M, - (1=p)7% - |lp=ll2/T, (F.26)

where M, is a positive absolute constant. For the covariance, note that for any random variables
X ~ N(u1,%1) and Y ~ N(pg,X2), we know that Z = X +Y ~ N(py + p2, ), where

IZ][e < 2/1Z1][F + 2/[Z2]r. Combining (F24), we know that fi, ~ N(Efi,, %%/T), where S
satisfies that

T T t—1
T/2- |2zl < Z L |ISille + Y D> (L) - [[Ts]le
=1 t=1 =0
<[1- ] NSslle +T-[1 = p(L) ] [[Ts]le,
which implies that
IS7lF < Ms - (1= p)~" - || |lr, (E27)

where My is a positive absolute constant. Combining (F:23)), (F26)) and (F27), we conclude that i,
follows the distribution. The inequality follows by a Gaussian tail bounds. Then we finish the proof
of the lemma. O

F.7 Proof of Lemma|[D.8|

Proof. We continue using the notations given in §D.3] We define

F(¢.&) = {EDC +E[@ - 7)07)C ~E()} &+ [~ E@] € - 1/2- €l
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where zZ = 12}\(.%', u) is the estimated feature vector. Here the expectation is only taken over the
trajectory generated by the state transition and the policy 7 3, instead of the randomness when

calculating the estimated feature vectors. Thus, the function ﬁ(( ,€) is still random, where the
randomness comes from the estimated feature vectors. Note that |F/((,£) — F((, &) < |F(¢,€) —
F(C.€)[+[F(¢.€) — F(¢,€)|- Thus, we only need to characterize | F(¢, €) — F(C, €)| and |F (¢, €) -

Part 1. First we characterize |F((, &) — F(¢, €)|. Note that by algebra, we have
PN T
(&) - P& = [{Bw - )¢ +E[@ - )07 - (- §)87] ¢~ Ele(w - D)} €

<E(I[Y — Dll2) - [|C1+EI% — ¥'lla + 21502) 1€l + E()] - ]2
(F.28)
where the expectation is only taken over the trajectory generated by the state transition and the
policy 7k . From P(HM;; — . +1)T - pglle < Cl) > 1 — 75, we know that with prob-

ability at least 1 — 75, the term E(||[¢) — ¢'[|2 + 2[|¢[|2) is upper bounded by a polynomial
poly (|| ||y | K || 1|B]l25 Il ell2s J (Ko, bo)). Also, the term E(c) is also upper bounded by a poly-
nomial poly(||® k||, | K||r, ||bl|2, [|]l2, J (Ko, bp)) by the definition of the cost function c(z, u).

Therefore, combining Condition m and (F:28), with probability at least 1 — T~5, we obtain that
We upper bound the term ||y (z, u) — @(m, u)]|2 for any 2 and u as

- - 2 PR
Hl/)(l‘ u) (.13 U)HQ - ||/’LZ Nz”% + HZ(MZ - MZ)T + (,uz - MZ)ZTHF + ||Mzﬂz NZUZT”F
< poly (|| sl 1K [l [1bll2 [l lle, T (Ko, bo)) - 1722 = =3, (F30)
where z = [z, uT]". Also, by Lemma we know that
N logf 9

7 — pell2 < Fa (1= p)=2 - poly (|| @k, [ K lr, [1bll2, |2l T (Ko, bo)) (F31)

holds with probability at least 1 — -6, Combining (F:29), (F30) and (F37)), it holds that

logf _

with probability at least 1 — 7.

Part 2. We now characterize \ﬁ((, &) — ﬁ(g, €)| in the sequel. By definitions, we have
|F(¢.€) — F(¢,9)|

= ]{W — O +E[( = )T — ()~ )T - E@ —6A>}T52 +E(C-¢

<|[{r@ie +eGINE -BED) ¢ +E@E

]15c+‘ )CQ] ¢ ‘ “Lgrngyes
(F.33)
where £’ is an event defined as
&' = () (It = e+ YT gl = )] < € tog T[40 }) e
te[T]
which, by Lemma satisfies that P(£’) > 1 — T—5 — T—5. By a similar argument as in Part 1,
we upper bound the two absolute values on the RHS of (E33) as

~ ~ 1

for sufficiently large T" and T'. Therefore, combining (F32) and (F34), by triangular inequality, we
finish the proof of the lemma. O
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F.8 Proof of LemmalE.2]

Proof. Recall that the feature vector 1(x, u) takes the following form
T
svec|(z — pz)(z — ps
Yz, u) = ( I ZM_)/E ) ]>

‘We then have

7

Pz, u) — P’ u) = <SV€C lyy" ;_(L(:%;-_E)(S()Ly + 6)T])

where we denote by y = 2z — 1, and 2’ and v’ are the state and action following the state transition
and the policy 7 ;. Therefore, for any symmetric matrices M, N and any vectors m, n, the following
equation holds

<sve;gM)> N O (svec;fN))

B svee(M)) svec(yy ")\ (sveclyy" — (Ly +6)(Ly+0)7] T [svee(N)
= (M) () (el ) ()
= Ey,g{(<M, yy' Yy +m'y) - [(Nyy" — (Ly+68)(Ly+6)") +n' (y — Ly — 0)] }
=E,[(yy", M) (yy" — Lyy LT — W5, N)] +E, [(yy", M) - n" (y — Ly)]
A Az
+E, [mTy yy" — Lyy LT — W, N)] +E, [mTy n'(y— Ly)}, (E.35)

A3 A4

where the expectations are taken over the distribution y ~ N (0,3,) and § ~ N(0, ¥y).

For the terms A5 and As in (E33)), by the fact that y = z — p, ~ N(0, X), we know that these two
terms vanish. For A4, it holds that

Ay =E, [mTy (y — Ly)Tn] =E, [mTny(I - L)Tn} =m'%,(I—-L) n. (F.36)
For A1, by algebra, we have
AL =Ey[(yy ", M) (yy" — Lyy LT — W5, N)]
=B, [(yy", M) (yy" — Lyy LT, N)] —E,[(yy", M) - (U5, N)]
=E,[y TMy y (N =LTNL)y] - (:, M) - (¥s5,N)
=E,onon[u SY2MEY2u - uTSYA(N — LTNL)SY?u] — (8., M) - (¥s,N). (E37)
Now, by applying Lemma[G.I]to the first term on the RHS of (F37), we know that
Ay =2Tr[22Mxl/2 22N - LTNL)EY?]
+ Te(SY2MSY?) - Tt [SYAH(N — LTNL)SY?] — (8., M) - (U5, N)
=2(M,S,(N - L'NL)Y,) + (Z,,M) - (X, — LY, LT — ¥4, N)
=2(M,%.(N — L' NL)X.),

where we use (E-I4) in the last equality. By using the property of the operator svec(-) and the
definition of the symmetric Kronecker product, we obtain that

Ay = 2svec(M) "svec[E,(N — L' NL)S, |
=2svec(M) " [E, ®, 8, — (.L7) ®, (S.L")]svec(N)
= 2svec(M) " [(2. ®s 2.)(I — L®, L) " |svec(N). (F.38)
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Combining (F33)), (F36) and (F38)), we obtain that

(sve;gM)) i O (svec;fN))

=svec(M) " [2(2, ®s 2.)(I ~L®s L) |svec(N) +m'S.(I- L) 'n
_ <svec(M)>T <2(zz ®s5.)(I — L, L)T 0 ) <svec(N)> .

m 0 ¥.(I—- L)T n
Thus, the matrix O g, takes the following form
(22, ®:X.)(I — L®s L)’ 0
Oro = ( 0 S.(I-L)T )"
This concludes the lemma. O]

F9 Proof of Lemma[E.J|
Proof. By the property of the spectral norm, we upper bound ||(:j;<16 ||« as
195 l1% < 1+ 10712 + 1054013 (F39)

We proceed to bound the RHS of (F:39). For the term ©, 5, combining Lemma and (E-16),
we have

e = (/2718 1) (5 0,5 see(5))
Kbz Ok+m
B (1/2 (I-Les L) (S @, 271 - svec(Ez))
B 0k+m

_(1/2-(I-L®,L)"" -svec(x;h)
0k+m ’

where we use the property of the symmetric Kronecker product in the second and last line. Therefore,
we have

||@;(71b52||2 =1/2. H(I — L ®, L)_T . svec(Ez_l)H2
<1/2-||(I - L®, L)f—r”* : ||svec(2;1)||2
<1/2- [1=pA(L)] 157 Ik
<1/2-VEF+m-[1=p(0)] - 27
=12 VEtm-[1-p2D)] " [omin(S2)] (F.40)

where in the third line we use Lemmato the matrix L ®, L. Similarly, we upper bound ||®I_<}b ||«
in the sequel

[CrARES min{1/2 1= p2(L)] omin(22)] 5 [1 = (D)) [omin(52)] ‘1}. (F41)

Thus, combining (F39), (F40) and (F4T)), we obtain that
1ORLI12 <1+ 1/2 VE+m- [1—p*(L)] " [omin(S2)]
+ min{l/Q 1= 2] [omin(22)] 75 1= p(L)] 7 [omin(52)] ’1}. (F42)

Now it remains to characterize oy, (2, ). For any vectors s € R™ and r € R¥, we have
s T s 2
(r> 2. (r) = EﬂK,b,xN(MK,b@K){ [s"(z = prcp) + 7" (ut Kprp —b)] }

2
= EJCN(MK,57‘DK),77NN(071){ [(s - KTT)T(x - /~LK7b) + UTTW} }

= EIN(HKWK){ (s —K'r)T(z— uK,b)]Q} +E,onon [(orn)?].  (F43)

-1
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The first term on the RHS of (F43) is lower bounded as
2
Epmureni) { [(6 = K1) (@ = pre)]*} = (s = K ) Tdse(s — K Tr)
> s = KTr[3 - omin(@x) > [Is = K73 - omin(Wo), (F.44)

where the last inequality comes from the fact that oin (P ) > omin(Pe) by (B3). The second term
on the RHS of (F43) takes the form E,, 0,1y [(o7 " n)?] = o?||r||3. Therefore, combining (F43)

and (F44)), we have

T
(2) = () 2 1= K713 owinw) + 21l
> Omin(Va) - Hsllg + [02 - HKHi : Umin(\llw)] : ||7"||§

From this, we see that oy, (3,) is lower bounded by min{omin(Vy), 02 — | K| - omin (Vo) },
which only depends on oin (V) and o. Thus, combining (F42), we know that |[© 5, || is upper

bounded by some constant h %, Where h k only depends on p(A — BK), o and opyin(V,,). This
finishes the proof of the lemma. O

F.10 Proof of Lemma[D.3
Proof. By direct calculation and Proposition [B.4] we have
I (Roir) = h(Enit)| = Te[(Pr |, — Prcy 0] < 1Pg = Pl - [0l (E45)

The following lemma helps establish the upper bound of the term HPf(n+1 — Pr oy |l

Lemma F.2. Suppose that the parameters K and K satisfy that

IK ~ K|l (|4~ B[l +1) - @5l < owin(¥o)/4- |1B]; (F46)
then it holds that
1Pz = Prell« <6 0pin(Wo) - sl - (1K |l - | Bl| - | K = K.
(1Bl - 1K [l+) - [A = BK |l + |B]l« - [ Kl + 1) (F47)
Proof. See Lemma 5.7 in [[118] for a detailed proof. O

To use Lemma we only need to verify that K,, 1 and K, 1 satisfy (F46). Note that from (D.10)

and (D-TT), we have

1K1 = Kl - (1A = BKpiall« +1) - [ @5, e

Knt1

<y Tk = Trolle - (14 [ Knlle) - (1A = BEnpalle +1) - 19, ll.. (F48)

n41
Now we proceed to upper bound the RHS of (F48). For the term ||A — BK,,;1]|., we have
|A = BE, i1l < |A—BE, |l +7- 1Bl - |T3 K, — T3 ||,
<A = BE[l + - 1Bl - ITx, [l - (1+ 1K) (F.49)

And by the definition of Y g, in (B.7), we upper bound || Y, || as

2
T, e < NQU + 1Bl + (1Alle + 1Bllp)” - | Px, 1+
<@l + 1Bl + (Al + 1 Bllr)” - J1(Ko) - o0 (o), (F.50)

where the last line comes from the fact that || Pk, || < Ji(K,) - ol (W) < Ji(Ko) - o1 (9,).
As for the term [|® 5 |, in (F48), we upper bound it as

@7 s < Ji(Kpt1) - 00 (Q) < J1(Ko) - 0.5 (Q). (E51)

K1
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Therefore, combining (F48), (F49), (F30) and (F31)), we know that

|Bes = Kyl - (JA = BR a1 + 1) - ||
< poly, (||l Ji(Ko)) - [ T, — T,

I?n+1 ||*

F.

Also, by the above results, the RHS of (F47) is upper bounded as

6 i (V) 1@z, Il [ Kl 1R - 1K g1 — Ko |«
(Bl - 1 Kngall«) - [[A = BEpgalls + 1Bl - | Kngall« + 1)
< poly, (| K+, J1(Ko)) - [Tk, — Tk,

F-

Note that from the policy evaluation theorem[B.10|, we know that with probability at least 1 — T—* —
T-5, it holds that

Tk, — Tk |r < polys ([ Knllr, llull2) log® T,

- Ak, - (1—p)? Tﬁ/4
+ poly, (| Kulle, [05 ll2, llll2) ~ log"* T,
e T 1)

By choosing 7}, and T, such that

Ak, (L-p? i/l v 51— p)

< max{ [polyl(HKnH*7 Jl(KO))} - Omin(V,,)/4- ||B||I; 1,

poly; (Il Knllr l|ll2) . log® T, n poly, ([[Knlle, 1652, [lull2)  log'/* T,

—1
[ty (1o (K0) | 2/2 7 i (80 - () [ [ 5 .
in other words, we pick

_ -9 —
T = poly; ([ Knllp, 6% 12, lll2) - Ny, - [1 = p(A = BEK,)] 72,

n

- _ —12  _
Ty > polyg (| Knlle, 6% 12, ull2) - AR - [1 = p(A— BKy)] " e "2,

then we know that (F46)) holds with probability at least 1 — !9 for sufficiently small € > 0. This
corresponds to the parameters that we choose in the statement of Theorem [B.6] By applying Lemma

combining (F43)), we derive that
| T1(Kt1) = Ji(Kni1)| <7 - 0min(¥e) - Omin(R) - | @+ | - /4

holds with probability at least 1 — 5. By this, we finish the proof of the lemma. O

F.11 Proof of Lemma [E1l

Proof. First, note that the cost function ¢(x, u) is written in the following way

[svee [diag(Q, R)] . . —
c(w,u) = P(x,u) E%MK,IJ + ((pxep) Quicp + (Wkp) Rpkp,+ 1 Qu).
M?{,b
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For any test matrix V' and vectors v,, v,,, we proceed by the following calculations

vec(V
Er o [elo,w)pe,w)] T ( ! ))

Uy

svec[diag(Q, R)] - svec(V)
()

= EﬂK bK Y(z, U)T 2Qu kb Vg
| 2Ry, Vu
~ /svec(V)
+ By § (@) T ((nrcn) " Quico + (1) T Rusliey + 1" Q) ( Vs ) =: Dy + Ds.
Uy

(F52)

In the sequel, we calculate D, and D5 respectively.

Calculation of D;. Note that from the definition of ¢(x, u) in (B:12), we calculate D as

= E”K,bK [<Z - MZ)Tdiag<Qa R)(Z - Mz) : (Z — ,Uzz)TV(Z — Mz)]

2Qur, ! Vg |
(2R/“Lé;z> (z—p)(z—p) " (m) : (F.53)

Here z = (z",u")" and y1, = Er _, , (2). For the first term on the RHS of (E33), note that » — 1,
is a centralized Gaussian, whose covariance matrix is X, ; therefore, by Lemma@ we obtain that

Erp o [(2 = 12) Tdiag(Q, R)(z — 1) - (2 — ) 'V (2 — )]
= 2(3.diag(Q, R)X., V) + (2., diag(Q, R)) - (£.,V)

+ E'”K,bK

-
— svec [Qsziag(Q, R)S. + (3., diag(Q, R)) - zz} svee(V).
Moreover, the second term on the RHS of (E33) is calculated as
T T
2QuKp T(vz\| _ 2QuK b Uy
<2Rﬂ7f(,b> (2 — pz)(z — pz) Va = |2z 2R,u'f<,b Uy | °
Combining the above two equations and (F33)), we obtain that

2svec[X.diag(Q, R)X. + (X.,diag(Q, R))X:] ' (SVCC(V)>

E

T b K

D, = 5. (2Qnxp Uz (F.54)
#\2Rpk Uy
Calculation of D,: By the definition of the feature vector ¢(x, v) in (B.I2)), we know that
~ [svec(X,) svec(V)
Do = ((uxp) Quicy + (i) ' Rute + 1" Qu) | Om ve . (E55)
Ok (N
Now, combining (F-52), (F54) and (F:53), we conclude the lemma. O
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G Auxiliary Results

Lemma G.1. Assume that the random variable w ~ N(0, 1), and let U and V' be two symmetric
matrices, then it holds that

Elw Uw-w'Vw] = 2Te(UV) + Tr(U) - Te(V).

Proof. See [[15,[74] for a detailed proof. [
Lemma G.2. Let M, N be commuting symmetric matrices, and let a1, . .., ay, 51, . . ., B, denote
their eigenvalues with v1, . .., v, a common basis of orthogonal eigenvectors. Then the n(n + 1)/2

eigenvalues of M ®, N are given by («;8; + o 3;)/2, where 1 < i < j < n.

Proof. See Lemma 2 in [[1] for a detailed proof. O

Lemma G.3. For any integer m > 0, let A € R™*™ and nj ~ N (0, I,;,). Then, there exists some
absolute constant C' > 0 such that for any ¢ > 0, we have

P[[n" An—E(n" An)| > t] <2-exp[~C - min(2) A%, tAl)].

Proof. See [89] for a detailed proof. O
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