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Abstract

In tabular case, when the reward and environment dynamics are known, policy
evaluation can be written as V = (I — )/P,,)‘1 r., where P is the state transition
matrix given policy 7 and 7, is the reward signal given 7. What annoys us is
that P and r, are both mixed with 7r, which means every time when we update
m, they will change together. In this paper, we leverage the notation from [4] to
disentangle 7 and environment dynamics which makes optimization over policy
more straightforward. We show that policy gradient theorem [3] and TRPO [2] can
be written in a more general notation framework and such framework has good
potential to be extended to model-based reinforcement learning.

1 Introduction

1.1 Bellman Equation in Matrix Form

Markov decision process (MDP) is a framework to model the learning process that the agent learns
from the interaction with the environment [3]. The interaction happens in discrete time steps,
t=0,1,2,3,---. Atstep t, given a state S; = s; € S, the agent picks an action a; € A(s;) according
to a policy m(-|s;), which is a rule of choosing actions given a state. Then, at time ¢t + 1, the
environmental dynamics p : S X R X A X S — [0, 1] takes the agent to a new state Sy, = Sp41 €S
and provide a numerical reward Ry1 = 7141(St, 41, St+1) € IR. Such a sequence of interactions gives us
a trajectory T = {Sg, Ao, R1, 51, A1, Ry, Sz, Az, R3, - - - }. Our objective is to find an optimal policy to
maximize the expected long-term discounted cumulative rewards V(s) = Ex[Y 12, )/th+;<+1|5, =]
for each state s or Q(s,4) = Ex[Y 1oy ykRHkHISt = s,a; = a] for each state-action pair (s, a), where
y is the discount factor. The Bellman equation for V;(s) can be written as follows:

Vals) = Y w(als) Y p(s, s, )l + yVa(s)]

=Y k) Y v p(s, s, a) + Y w(aks) Y p(s',7ls, a)y Va(S)

1
Y w@s)r(s,a)+y Y 1) 7wls) - pls'ls, )} Va(s')

r=(s)+y Z Pr(s'|8)V,(s') foralls e S

Where 7, (s) is the expected immediate reward at state s under 7 and P,(s’|s) is the transition
probability of moving from s to s’ under 7r. Notice that the transition probability is a combination of
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policy and the environment dynamics. We can write Vi, ., P in matrix form

Via(s1) rals)] [% @G0 Palsilst) Pr(sals)) - Pr(silsy)
Vx(s2) rr(s2)| | X m(als2)r(sz, a) P Pr(s1ls2) Pr(s2ls2) -+ Pr(suls2)

Tl': . 7 TTFZ . = a . 7 7'1': . . . .
Vielsn) ra(s)l | X 7@l a) Pr(sils) Pulsals) - Pr(Suls)
®)

Then the Bellman equation can be rewritten in matrix form

Va=rg+yPrVy
Assume that P and 7 are given and I — )P is nonsingular, then

Ve =(I-yPx)'rx 3)
For later uses, we define the vector Q, = [Q(s1,)T, Q(s2,°)T, ..., Q(sy, )T1".

1.2 Problem

One problem with (3) is that P, and 7, are both dependent on 7, which means every time when 7
changes, we need to reconstruct them. In addition, although V7 is a function of 7, we cannot write
the function in terms of 7r explicitly. What we desire is to have

V7'r = f(Tl'lP, 1’) or Vﬂ's = f(7T9|P/ 7’) (4)
where 7y is a parameterized policy and P, r only depend on environment dynamics, instead of

Vi = f(7w|Pr,75) or Vi, = f(7g|Pr,, rx,). Then, we can directly write our objective as a function
of 7, which can make optimization more straightforward and efficient, just as follows,

argmax Vp = f(w|P,v) or argmax Vg, = f(mgl|DP, 1) 5)
T 0

and solve it via gradient descent or other techniques. The notations from [4] is helpful to construct
(4)(5). We introduce the formulation in the following sections and try to rewrite TRPO [2] with it.

2 Notation and Preliminary

2.1 Notation and Properties

For simplicity, we assume both the number of states in S and the number of actions in A are finite.
‘We define the notations as follows [4]:

¢ |S] and |A| denote the number of states in S and the number of actions in (A, respectively.

o P e RIIAXIS g a transition matrix whose entries are P, ) = p (s'[s, a), where p (s'|s,a) >
0, Yy p(sls,a) =1, forall s and a, i.e.,

Pl =14, 1=1I1,1,..., 1]T e RIS (6)

o m € R j5 3 stationary policy, whose entries are (s, = 7w (als), where Y, 7(sq) = 1. It

is convenient to rewrite the policy as a matrix I € RISXISIAL where Issa) = Tay if 8" =5,
otherwise 0, i.e.

I1 = diag(m(-ls1)", -+, w(Clsis)T), w(lsi)T € R4 (7
E € RISXSIAL 5 an auxiliary (marginalization) matrix defined by
E = diag(1},---, 1], (8)

It is easy to verify that
Mg = 1y, TE" =g )

We can easily reconstruct the state-to-state transition matrix bP/ P, =IIP € RS and
state-action-to-state-action transition matrix by P, = PIT € RISMXSIAI From (6) and (9),

Prlig = IIPLg = 11514 = 1y
P 1sia = PII1j514) = Plis) = Lig))



e po € RS is the initial state distribution. pt, € RP*! is the steady-state distribution of 7
given environment P which satisfies plI1P = ul. pL = pg Y.y V' (IIP) = pg(l —yI1P)~
is the discounted visitation frequency vector under 7r and

pL1 = pl Y20y (IIPY1 = pl (X2 y)1 =1/(1 - )

e € is the average reward vector whose entries are r = r(s,4) = E[rls,a] =
Y. 7 p(s’,7ls,a), which specify the average reward obtained when taking action a in state
s. From the definition of r in (2) and IT in (7), it is easy to see that

re =IIr (10)

RISIAIX1

Now we can rewrite the Bellman equation. From (2), we have
Ve = (= yPr) vy = (I = yIIP) 'TIr = Y22, y/(TTP)TTr = Ir + yTIPV,, (11)

Similarly, we have Qr = Y, y/(PIT)'r = r + yPIIQ,. One can easily check that the relations
i=0

1=
between V. and Q. are as follows,
Ve =T1Qx, Qr = X120 V'(PII)'r = v + yP[Y.20 V' (PID)TIr] = v + yPV, (12)

2.2 A Recap of TRPO

We do a simple recap of TRPO [2] in this subsection. We will show how these results can easily be
obtained when written in matrix form and how to extend them.

For policy-based reinforcement learning algorithms, if we use policy gradient with a fixed learning
rate to update the policy, it always happens that the learning rate is sometimes too large that we will
get a worse policy. This oscillation makes the training unstable and the convergence slow. So we want
to find a way that our policy is guaranteed to improve after each policy update even the improvement
might be quite small at some time. The objective 1(7r) is defined as follows,

() = Eya,... [Z?io)/tr (St)] , where s ~ po (s0) ,ar ~ 7 (aslse) , spe1 ~ p(Seaalse,ar) - (13)
With the definition of the advantage function A (s, a):
Ar(s,a) = Qr(s,a) — Vr(s) (14)
n(7t) can be split into two parts,
(7)) = 1(m) + Esya0,~7 [Li20) Are (51, 80)] = 1(70) + L p2(s) Lo (als) Ar(s,a)  (15)

where px(s) = Y00 V'p (i = s| 7, P, pg) is the discounted visitation frequency of s under 7. A local
approximation to () is constructed as follows:

Ln(%) = n(70) + Ls pr(5) Lo 7 (als) A (s, a) (16)
It satisfies two important properties when 7rg is parameterized by 0:

Lay, (00) = 0(70,), VoLamg, (mo)|,_g = Von (o) _g, (17)

Given the total variation divergence for two discrete distributions D7y (pllg) = % Y |pi - q,-|, we
define DR (mr, %) = max; Drv (7(-[s)l|7(-|s)). It can be proved that

4
N (7) = Ly () — a _6);)2 a?, where o = DY (m, 7)), € = max|Ax(s,a)| (18)
With Dry(pllg)* < Dxc(pllg), we define DR (mr, ) = maxs Dxp (7 (:s)||%(-[s)). Then we have
4
) 2 Ln(F) = CDR o, ), where €= =25 19)
Let Mj(m) = Lx () — CDE™ (i, ), we have
n(miz1) = M; (mi41) , 1 () = M; (m;) = 17(mi1) — 11 (m3) 2 M; (mi31) — M; ()
So if we define ;41 as w1 = argmax M; (), then
n(mo) <7n(m) <n(mp) < - (20)

Therefore, M;() becomes a surrogate function that we want to maximize.



2.3 Relations Between Several Distance Measures

The total variation distance between two probability measures y and v on a sigma-algebra F of

subsets of the sample space Q) is defined as 6(u,v) = sup, | u(A) - V(A)( . The total variation
distance is related to the Kullback-Leibler divergence by Pinsker’s inequality:

oy, v) < 1/ %DKL(HI V)

541) = 3l =vih = 5 ¥ lp@) ~ v(w)

weQ)

And from [1], we have

Thus,
llw = vIlF < 2Dk (u, v)

3 TRPO in Matrix Form

In this section, we first write TRPO in matrix form and we will see there are more ways to find the
local approximation as (16). We derive several interesting properties of these approximations. The
norm ||-|| we use in this section is 1-norm. Note that IT (matrix) is just a rewriting of 7r (vector). They
represent the same policy. This relation is the same for parameterized 1y and 7.

With notations introduced in Section 2.1, 17 can be written as
n(m) = py Ve = p Yy (TIP)TIr

From (14), we see that the advantage function A, the vector form of A (s,a), can be written as

ATl' = Qﬂ' - ETVW
From (9),(11) and (12), it is easy to verify that [TA, = 0. Then

(I-yPI) Ay Zy(PH)'A = A, +Zy(PH)’A = A, Q1)
i=0 i=1

Since n(#t) = ng.;, amd n(m) = ng,T, (15) can easily be shown as follows,
]Eso,ug,~~~~7'r [Z;‘ZO ytAﬂ' (St/ at)] = Tﬂ(l - )/Pﬁ)_lAn = Pgﬁ(l - Vpﬁ)_l [Q‘I\' - ETV#]
= piII(I — yPI) '[r + yPV, — BTV, ]
= pyI1; Z Y (PID)r + pfTTY. 2 Y (PIT) y PV — pl LY. 2 ' (PTTYET Ve

=P Zi 0 (HP) Tir + pl Y20y IIP) Vi — pl X120y (TTP) Ve
= py Vi — = 1(#) — n(m)
Thus (4) can be written in the followmg form
n(#) = n(m) + poTI(I = yPID) ' Ar = n(m) + pf (I = yTIP) 1A, = n(m0) + fr (7

It is easy to see that f, () = 0. Suppose IT = IT+ dIT (dIT — 0 and dIT1;54;x; = 0) and if we want
n(#) 2 n(w), we should have fr(7) = fr(m + dm) > 0. Note that

fr(®) = fr(®) = fr(m) = dfn(®)|__
= trace (p} (1 = yTIPY ' y(@IP( - yTIP) 1AL + p} (1 = TIPY (@M AL)|_ 22)

= trace (pg (I- )/HP)_l(dH)A,r) = trace( =P I(I —yTIP)~ 1dH)

Therefore, .
(Vitfn(®)|,_,) = Ampy - yIIP)™! (23)



There are 6 ways to set the approximation function as (16):
LL (%) = n(m) + pgf[(l —yPID ' A, = n(m) + pg(I —yIIP)"'TTA,; (policy gradient)
L2.(7) = n(m) + pgTI(I — yPI) ' A
L3.(%) = n(m) + ptTI(I — yPI) " A
L.(#%) = n(m) + pj (I — yIIP) '[1A, (TRPO)
L2.(#%) = n(m) + py (I — yIIP)'T1A = n(r) (trivial)
LE(#) = n(m) + p{TI(L - yPI " Ar = () + pl (I = YTIP) T A, = n(m) (trivial)

We will discuss L2 (#), L3 (#) and L2 (#) in the following subsections.

3.1 Approximation Function L2 ()
For L2 (%) = () + pdTI(I — yPI1) ™' A, it is easy to see that L2 () = 0. For parametrized g, to
test (17), we have

dL? (ﬂ@)lgze = dnggO(I— yPHS)_lA

oy T 0o }9:90

= trace ( p} I, (I = yPIe) "'y P(dTe)(I - yPlg) " Ar, )

0-6, (24)

= trace (A.,rﬂo poyTg,P(I — yIIg,P)~* (dl‘[g))|@=90

It is easy to see

dly
dO o=,

which means L2 (#) does not match 7(7r) to the first order. To calculate the difference between L2 ()
and (), we have

N(7) = L3 (7) = po ((1 = I)(I = yPI) ™ Ar = py (dID)(I — yPIT) " Ay
Then we have
In(@) = L2(®)|| = || p§ @I - yPI) Az < ||ob|IATTI||Z 200 (P [IL Al

T T
2 _ T -1
(VQL,,% (w9)|6:60) = Any, Py y1e,P(I - Yo, P) # (Von (mo)l,g,) (25)

max 2 )

< llAxl
-

3.2 Approximation Function L3 ()

For L3 (%) = n(=) + piTI(I — yPIT) ™ A, it is easy to see that L3 () = 0. Moreover, to test (16),
we have
dL?,‘,0 (7r9)|6=60 = dpyTlg(I - yPIIp,) " Ar, |

6=6,
T 0 T (26)
= trace (pOdHQA.,,HO) o = trace (Awe., Py dn9>'9:90
And T p
I1
3 _ T4 10

(VoL ()|, ) = Amyph 5 R/ @7)

which means L3 (#) does not match 7(7r) to the first order. But it is easy to check,

2 3 _ _ 4

Volz, (W9)|.9=90 + VoL, (71'9)|9=60 = Ven(ﬂ'e)|9=90 = Volz, (779)'9:60 (28)

which means the gradient of L2 0 () and Lfreo (7) is a gradient decomposition of 1(7g) at Gy. To

calculate the difference between L3 () and 1)(m), we have
n(&) = L3(7) = pg [1((L - yPID)™ = (I - yPI) ") A = plX1(( = yPIT) ™ (yPAIT)(I — yPID) ) A,
= poT1(( = yPID)™ (yPdIT)) A



Then we have
lInt) = L] = [|odT1 (1 = 7P (PaID) A < [loF AT T P[] Al

_ VAT AL Y V2D (7, ®)| Axll

-y 1-y

3.3 Approximation Function L% (7)

If we set -
L (%) = n(m) + p}(I — yPII) 'TTA, = n(7) + fr(7)

Then,
n(®) = Ly(®) = pg ([ = yPID™ = (L - yPI) ) 1A,

= o1 (1= yP(IT + dID)™ — (1 = yPI) ™) (IT + DA,
= po(I = yPII) ! (yPdII)(I — yPIT) 'dI1A,

Then we have

(@) ~ Ly @)|| = [|pg (1 = yPI)™ (rPATI)(I ~ yPTT) dIA|
< ||pg[[llcz = y P~ |[[[yP|laruifj -y PIT) ! IATT A
_ VM IAR 2y D (e, 7l Al
(1-y2 = (A=yp

which is the same as (19).

Another way to consider this inequality is
Ino) - i@ = |of (@ = P = (1 = yPID ) A,
< |08 (@ = yPray ) 11AL| + |[oF (@ - P 1) 1AL
< |lo8 I = v P 1Tl + [ld || = 3Py ATl

_ 20drTillAl _ 22Dy (, 7)|| Al

I-y = I-y
Consider these two bounds: if Dﬁ‘fx(w, ) > m, the second bound is tighter; otherwise, the

first bound is tighter.

4 Other Potential Applications

There are some other applications of this set of notations, e.g.

o If we know V., 1(mg) and want to get the Vgr(7rg), i.e. when we know the optimal direction
to update policy but we do not know how to control the parameters to make the policy turn
to this direction, we can do

HAlien d(Hoptl Ig+ne — HQ)/

where d(-, -) is a distance measure, Iy is the optimal direction to update policy.

e Instead of estimating value function V., we can estimate the environment dynamics P,
which is independent of 7. Each transition information in the trajectory is valuable no
matter the reward signal is detected or not. Then, we can use the estimated P to update 7t
directly. The estimation (or construction) of P is not affected by the update of policy.
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