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Abstract

Trust region policy optimization (TRPO) is a popular and empirically successful
policy search algorithm in Reinforcement Learning (RL) in which a surrogate
problem, that restricts consecutive policies to be ‘close’ to one another, is iter-
atively solved. Nevertheless, TRPO has been considered a heuristic algorithm
inspired by Conservative Policy Iteration (CPI). We show that the adaptive scal-
ing mechanism used in TRPO is in fact the natural “RL version" of traditional
trust-region methods from convex analysis. We first analyze TRPO in the planning
setting, in which we have access to the model and the entire state space. Then,
we consider sample-based TRPO and establish O(1 /V/N) convergence rate to the
global optimum. Importantly, the adaptive scaling mechanism allows us to analyze
TRPO in regularized MDPs for which we prove fast rates of O(1/N), much like
results in convex optimization. This is the first result in RL of better rates when
regularizing the instantaneous cost or reward.

1 Introduction

The field of Reinforcement learning (RL) [Sutton and Barto, |2018]] tackles the problem of learning
how to act optimally in an unknown dynamic environment. The agent is allowed to apply actions
on the environment, and by doing so, to manipulate its state. Then, based on the rewards or costs it
accumulates, the agent learns how to act optimally.

Trust Region Policy Optimization (TRPO): Trust region methods are a popular class of techniques
to solve an RL problem and span a wide variety of algorithms including Non-Euclidean TRPO
(NE-TRPO) [Schulman et al., 2015]] and Proximal Policy Optimization [[Schulman et al., 2017]]. In
these methods a sum of two terms is iteratively being minimized: a linearization of the objective
function and a proximity term which restricts two consecutive updates to be ‘close’ to one another, as
in Mirror Descent (MD) [Beck and Teboullel 2003|]. Despite their popularity, much less is understood
in terms of their convergence guarantees and they are considered heuristics [[Schulman et al., 2015
Papini et al., 2019)] (see Figure [I).

TRPO and Regularized MDPs: Trust region methods are often used in conjunction with regular-
ization. This is commonly done by adding the negative entropy to the instantaneous cost [Nachum
et al.,[2017, [Schulman et al.,2017]]. The intuitive justification for using entropy regularization is that
it induces inherent exploration [Fox et al.,|2016], and ‘softens’ the Bellman equation [[Chow et al.,
2018, Dai et al.| |2018]]. Recently, Ahmed et al.|[2019]] empirically observed that adding entropy
regularization leads to faster convergence when the learning rate is chosen more aggressively. Yet,
to the best of our knowledge, there is no finite-sample analysis that exhibits faster convergence
rates for regularized MDPs. This comes in stark contrast to well established faster rates for strongly
convex objectives w.r.t. convex ones [Nesterov,|1998]. In this work we refer to regularized MDPs as
describing a more general case in which a strongly convex function is added to the immediate cost.
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The goal of this work is to bridge the gap between the practicality of trust region methods in RL and
the scarce theoretical guarantees for standard (unregularized) and regularized MDPs. To this end, we
revise a fundamental question in this context:

What is the proper form of the proximity term in trust region methods for RL?

In|Schulman et al.|[2015]], two proximity terms are suggested which result in two possible versions
of trust region methods for RL. The first (Schulman et al., 2015, Algorithm 1) is motivated by
Conservative Policy Iteration (CPI) [Kakade et al., 2003] and results in an improving and thus
converging algorithm in its exact error-free version. Yet, it seems computationally infeasible to
produce a sample-based version of this algorithm. The second algorithm, with an adaptive proximity
term which depends on the current policy (Schulman et al.l 2015 Equation 12), is described as a
heuristic approximation of the first, with no convergence guarantees, but leads to NE-TRPO, currently
among the most popular algorithms in RL (see Figure/[I)).

In this work, we study a general TRPO method which uses the latter adaptive proximity term.
Unlike the common belief, we show this adaptive scaling mechanism is ‘natural’ and imposes the
structure of RL onto traditional trust region methods from convex analysis. We refer to this method
as adaptive TRPO, and analyze two of its instances: NE-TRPO (Schulman et al.| 2015, Equation 12)
and Projected Policy Gradient (PPG) (see Figure[I). In Section[3| we derive the linearized objective
functions for (regularized) RL. In Section[d] using the linearized objective, we formulate Uniform
TRPO, which assumes simultaneous access to the state space and that a model is given. In Section [5]
we relax these assumptions and study Sample-Based TRPO. The main contributions of this paper are:

e We establish an 0(1 / VN ) convergence rate to the global optimum for Sample-Based TRPO,
which gives formal grounds for the NE-TRPO algorithm.

e We prove a faster rate of O(1/N) for regularized MDPs using Sample-Based TRPO.

e The analysis of Sample-Based TRPO, unlike CPI, does not rely on improvement arguments.
This allows to choose more aggressive learning rates which lead to better sample complexity.

2 Preliminaries and Notations

We consider an infinite-horizon discounted MDP which is defined as the 5-tuple (S, A, P,C,~)
[Sutton and Barto, 2018]), where S and A are finite state and action sets with cardinality of S = |S]|
and A = | A|. The transition kernel is P = P(s'|s,a), C = ¢(s,a) is a cost[ﬂ function bounded in
[0, Cinax)» and v € (0, 1) is a discount factor. Let 7 : S — Ai be a stationary policy, where A 4 is
the set probability distributions on .A. Let v™ € R® be the value of a policy 7, with its s € S entry
given by v™(s) :=E™[> 12 v'r(se, w(se)) | so = s]. Itis known that v™ = Y7 7 (P™)c™
(I —yP™)~1c™, with the component-wise values [P™]; o := P(s" | s,7(s)) and [¢™]5 := c(s, 7(s)
Our goal is to find 7* yielding the optimal value v*, v* = min, (I —yP™)"'c™ = (I —yP™ )~1c™ .

* e

A large portion of this paper is devoted to analysis of regularized MDPs: A regularized MDP is
an MDP with a shaped cost denoted by c} for A > 0. Specifically, the cost of a policy 7 on

TWe work with costs instead of rewards to comply with convex analysis. All results are valid for rewards.



a regularized MDP translates to ¢} (s) := ¢ (s) + Aw (s;7) where w (s;7) = w(7w(- | s)) and
w: A4 — Ris a 1-strongly convex function. We denote w(7) € R¥ as the corresponding state-wise
vector. For A\ = 0, the cost ¢™ is recovered. We consider two choices of w: the euclidean case
w(s;m) = 3 |x(-| s)||§ and non-euclidean case w (s;7) = H(7w(- | s)) + log A. By this choice
we have that 0 < c}f(s) < Chax, A, Where with some abuse of notation we omit w from Cpax x. The
value of a stationary policy 7 on the regularized MDP is v¥ = (I — vP™)~!c}. The optimal value
vy, optimal policy 7} and Bellman operators of the regularized MDP are generalized as follows,
v} = ming (I —yP™)"1cf = (I —yP™ )*107/{; ,and T7v = ¢ +~P™v. The g-function of a policy
 for a regularized MDP is defined as ¢ (s, a) = c(s,a) + dw (s;7) + >, p™ (s | s)v5(s').

A Bregman distance w.r.t. to w is defined as B,, (z,y) = w(z) — w(y) — (Vw(y),x — y). Given
two policies 1, 2, we denote their Bregman distance as By, (s; 71, m2) := By, (m1(- | 8), m2(- | 8))
and B, (m,m2) € RS is the corresponding state-wise vector. The euclidean choice for w leads
to B, (s;7m1,m) = L||mi(- | s) —ma(- ]| s) ; and the non-euclidean choice to B,, (s;71,m2) =
drr(mi(-|s)||m2(:] 83) Here, we always choose the regularization function w to be associated with
the proximity term, B,,. This simplifies the analysis as c} is A-strongly convex w.r.t. BB, by definition.
For more details about MD, Bregman distances and the underlying mechanism of regularization using
strongly convex functions, refer to Appendix [C|

The proposed algorithms always initialize 7y, the policy at the first iteration, to be a uniform
distribution. For brevity, we omit constant and logarithmic factors when using O(-), and omit any

factors other than non-logarithmic factors in N, when using O()

3 Linear Approximation of a Policy’s Value

A crucial step in adapting MD to solve MDPs is studying the linear approximation of the objective,
(Vf(x),a" — x), i.e., the directional derivative in the direction of an element from the convex set. In
this work we consider the following objectives:

min (I —~yP™)"1cE, 1
e ij( YPT) " e} ey
min E,.,[v}(s)] = min uvy. 2
WEASA ) H[ >\( )] WEASA A ( )

Thus, we study (Vof, 7’ — ) and (Vpwf, 7' — m) in the following proposition:

Proposition 1 (Linear Approximation of a Policy’s Value). Let w, 7' € A%. Then,

(Vool,m —m) = (I — 'yP’T)f1 (T;\T'v;r — v} — AB,, (7', 77)) , 3)

1 /
(Vapo, 7 —m) = jdu)ﬂ (T/{r v} — vl — AB, (7r’,7r)) : 4)

1
The proof is supplied in Appendix [D| Importantly, the linear approximation is scaled by (I —yP7™)~!
or ﬁdwr, where d,, » = (I — v P7™)~1 is the discounted visitation frequencies. In what follows,
we use this understanding to properly choose an adaptive scaling for the proximity term of TRPO,
which allows us to use methods from convex optimization.

4 Uniform Trust Region Policy Optimization

In this section we formulate Uniform TRPO, a trust region planning algorithm with an adaptive
proximity term by which (1)) can be solved, i.e., an optimal policy which jointly minimizes the vector
vy is acquired. We show that the presence of the adaptive term simplifies the update rule of Uniform
TRPO and then analyze its performance for the unregularized (A = 0) and regularized (A > 0) cases.
Despite the fact (I is not a convex optimization problem, the presence of the adaptive term allows us
to use techniques applied for MD in convex analysis to establish convergence to the global optimum

with rates of O(1/v/N) and O(1/N)) for the unregularized and regularized cases, respectively.
Uniform TRPO repeats the following iterates

1
The1 € argmin e ns (Voi*, m — ) + a([ —yP™)" B, (7, 7). 5)



This update rule resembles MD’s updating-rule (see Appendix [C). The updated policy minimizes
the linear approximation while being not ‘too-far’ from the current policy due to the presence of
B, (7, ). However, and unlike MD’s update rule, the Bregman distance is scaled by the adaptive
term (I — vP™ )L, Applying Proposition we see why this adaptive term is so natural for RL,

Tht1 €argming cas (I —~pP™)~! (T/{rv;’“ — ot + (l/tk - )\)Bw(ﬂ',m)) ) (6)
(%)

Because (I —yP™)~! > 0 component-wise, minimizing (6)) is equivalent to minimizing the vector
(). This results in a simplified update rule: instead of minimizing over Ai we minimize over A 4
for each s € S independently (see Appendix [E.I)). Meaning, the updated policy for all s € S is

Tee1(- | 8) € argmin, ca t Ty vy (s) + (1 — Xty) By, (s;m,mg) @)
which is the update rule of Uniform TRPO (see Algorithm [I]in Appendix [A). Importantly, this update
rule is a direct consequence of choosing the adaptive scaling for the Bregman distance in (3)), and
without it, the trust region problem would involve optimizing over Ai. The following theorem
formalizes the convergence of the unregularized and regularized cases of Uniform TRPO, to the same
rates of MD for the convex and strongly convex cases, respectively:

Theorem 2 (Convergence of Uniform TRPO in simplified form). Let {my}n>0 be the sequence
generated by Uniform TRPO. Then, for a proper choice of step size, for all N > 1, The unregularized
and regularized versions of Uniform TRPO converge with rates of |[v™ — v*|| . < O(1/v/N) and
loxY —v3ll, < O(1/N), respectively. The full version is given in Appendix F, Theorem

Theorem [2] establishes that regularization allows a faster rate of O(1/N). Note that using such
regularization leads to a ‘biased’ solution: Generally Hv”; —v* HOQ > 0, i.e., the optimal policy of
the regularized MDP evaluated on the original MDP is not necessarily optimal. Yet, regularizing the

problem can make it easier to solve, in the sense Uniform TRPO converges faster.

5 Sample-Based TRPO

In the previous section we analyzed Uniform TRPO, which uniformly minimizes the vector v™.
However, in case of a large state space it can be computationally infeasible to apply Uniform TRPO
as it requires access to the entire state space and to a model of the environment, which is usually
absent. In this work, we construct a sample-based algorithm which minimizes a scalar objective of
the form min_ . AS, TN @]), which is widely used in the RL literature [Sutton et al., 2000, |Kakade
and Langford| 2002, [Schulman et al., 2015], instead of a vector in @) Using this objective, one
wishes to find a policy m which minimizes the expectation of v (s) under a probability measure .

Starting from the seminal work on CPI, it is common to assume access to the environment in the form
of a v-restart model. Using a v-restart model, the algorithm interacts with an MDP in an episodic
manner. In each episode k, the starting state is sampled from the initial distribution sy ~ v, and the
algorithm samples a trajectory (so, 7o, $1,71, ...) by following a policy 7. As mentioned in|Kakade
et al.|[2003]], a v-restart model is a weaker assumption than an access to the true model or a generative
model, and a stronger assumption than the case where no restarts are allowed.

To establish global convergence guarantees, we make the following assumption, similarly to CPI:

d, . (9)
v(s)
The term C™ is known as a concentrability coefficient and appears often in the analysis of policy
search algorithms [Kakade and Langford, 2002, [Scherrer and Geist, 2014|. Interestingly, C™ is
considered the ‘best’ one among all other existing concentrability coefficients in approximate Policy

Iteration schemes [Scherrer, 2014]], in the sense it can be finite when the rest of them are infinite.

dyy
v

= maxses < 00.

o0

Assumption 1 (Finite Concentrability Coefficient). c™ = ‘

In this section, we derive Sample-Based TRPO, and establish high-probability convergence guarantees
in a batch setting. Sample-Based TRPO assumes access to a v-restart model. Meaning, it can only
access sampled trajectories and restarts according to the distribution v. Importantly, on expectation,
its updating rule is exactly the update rule used in NE-TRPO (Schulman et al., 2015, Equation 12),
which uses the adaptive proximity term, and is described there as a heuristic.



Sample-Based TRPO samples M, trajectories per episode. In every trajectory of the k-th episode, it
first samples s,, ~ d, ~, and takes an action a,, ~ U(A) where U (A) is the uniform distribution
on the set .A. Then, by following the current policy 7y, it estimates ¢} " (S, an,) using a rollout
(possibly truncated). We denote this estimate as (jf\”“ (Sm, am, m) and observe it is (nearly) an unbiased
estimator of ¢} " (S, ). We assume that each rollout runs sufficiently long so that the bias is small
enough. The sampling process is fully described in Appendix [F:2] Based on this data, Sample-Based
TRPO updates the policy at the end of the k-th episode, by the following proximal problem,

1
€ i § AVVOTE ], (- [sm) = T sm)) + s B (smim, m) (8
Tht1 afriglsm vl [m], w(-[$m) — T(-|sm)) + =) ($Sm;m,7k), (8)

where the gradient is estimated by Vvol* [m] := 725 (A (s M) L = am} + AVW (55 1))

The following proposition shows the expectation of the proximal objective of Sample-Based TRPO (8)
is the proximal objective of Uniform TRPO (5), scaled by the measure v. This fact motivates us to
study this algorithm, anticipating it inherits the convergence guarantees of Uniform TRPO,
Proposition 3 (Uniform to Sample-Based Updates). Let Fy, be the o-field containing all events until
the end of the k — 1 episode. Then, for any 7, € Ai and every sample m,

1
v (V.7 = m) + (1 =7 P™) 7 B (m,m) )

(77
_
te(1=7)

Like Uniform TRPO, Sample-Based TRPO has a simpler update rule, in which the optimization
takes place on every visited state at the k-th episode. This comes in contrast to Uniform TRPO which
requires access to all states in S, and is possible due to the sample-based adaptive scaling of the
Bregman distance: due to the sampling process, the estimated gradient and the Bregman distance at a
state s are scaled by the empirical frequency of visits to s, which is on expectation d,, r, , the scaling
term observed in @). Let S}, be the set of visited states at the k- th episode, n(s, a) the number of

times (Sy,, am) = (s, a) at the k-th episode, and ¢} * (s, a) = n(b o SIS 4Tk (5, a,my), s the

empirical average of all rollout estimators for ¢}* (s, a) gathered i in the k-th eplsode (m is the episode
in which (s, am) = (s, a) for the i-th time). For any non-visited state-action pair, ¢} * (s, a) = 0.
Thus, Sample-Based TRPO updates the policy for all s € S]’Q by a simplified update rule:

= E[(F0oft ol w(- | 5) - me(- | 3n)) + B (s i) | 7.

a1 (- | 8) € argmingea, t(Gy" (s, ) + AVw (s;7) , ) + B, (837, 7).

The full algorithm is found in Appendix [A] (Alg. 2). Instantiating the PolicyUpdate procedure is
equivalent to choosing w and the induced Bregman distance B,,: In the euclidean case, w(-) = % | 2
we get the PPG variant (Alg.[3) and in the non-euclidean case, w(-) = H(-), we get NE-TRPO (Alg.

This comes in complete analogy to the fact that Projected Gradient Descent and Exponentiated
Gradient Descent are instances of MD with similar w choices. Generalizing the proof technique
of Uniform TRPO and using standard concentration inequalities, we derive a high-probability

convergence guarantee for Sample-Based TRPO (for the proof see Appendix [F):

b}

Theorem 4 (Convergence Rate: Sample-Based TRPO). Let {m}}r>0 be the sequence generated

. A? Slog2A+log1/5 ) . .
by Sample-Based TRPO, using M}, > O( Cos, *El [;gig 2+ oe1/ )> samples in each iteration, and
{uv}fm \ k>0 be the sequence of best achieved values, pvf), \ := argming—o N pv3* — pv}.

Then, with probability greater than 1 — § for every € > 0 the following holds for all N > 1:

: Conax . 1—
1. (Unregularized) pvf), — pv* < O( 1)2f + 1= 7)2),f0r stepsize ty, = %

. C2 1Cu 2 Cuax, i .
2. (Regularized) vy, \ — puv} < O( e i)gN S + (?_7)62),f0r stepsize tj, = m

In the euclidean case C,, 1 = VA, Cw,2 = 1 and in the non-euclidean case C, 1 = 1,C,, 2 = A2,

Similarly to Uniform TRPO, the convergence rates are O(1/v/N) and O(1/N) for the unregularized
and regularized cases, respectively. However, the Sample-Based TRPO converges to an approximate



(fw;)% error, the same as the
error of CPI, is given in Table [[] Interestingly, Sample-Based TRPO has better polynomial sample
complexity in (1 — v)~! relatively to CPI. Importantly, the regularlzed versions have a superior

sample-complexity in e, which can explain the empirical success of using regularization.

solution, similarly to CPI. The sample complexity required for a

Remark 1 (Optimization Perspective). CPI can be interpreted as a sample-based Conditional Gra-
dient Descent for solving MDPs [Scherrer and Geist) |2014|]. With this in mind, the two analyzed
instances of Sample-Based TRPO establish the convergence of sample-based projected and expo-
nentiated gradient descent methods for solving MDPs: PPG and NE-TRPO. It is well known that
a convex problem can be solved with either of the three aforementioned methods. The convergence
guarantees of CPI together with the ones of Sample-Based TRPO establish the same holds for RL.

Remark 2 (Is Improvement Needed?). Unlike CPI, Sample-Based TRPO does not rely on improve-
ment arguments. Even so, its asymptotic performance is equivalent to CPI, and its sample complexity
has better polynomial dependence in (1 —~) 1. This questions the necessity of ensuring improvement
for policy search methods, heavily used in the analysis of these methods, yet less used in practice.

6 Related works

The empirical success of policy search and regularization techniques in RL [Peters and Schaal, 2008|
Mnih et al., 2016} Schulman et al., 2015} 2017]] led to non-negligible theoretical analysis of these
methods. Gradient based policy search methods were mostly analyzed in the function approximation
setting [Sutton et al., 2000, Bhatnagar et al.l 2009, |Pirotta et al., 2013} |Dai et al.| 2018), |Papini
et al.L 2019]]. There, convergence to a local optimum was established under different conditions and
several aspects were investigated. In this work, we study a trust-region based, as opposed to gradient
based, policy search method in tabular RL and establish global convergence guarantees. Regarding
regularization in TRPO, in|Neu et al. [2017] the authors analyzed entropy regularized MDPs from a
linear programming perspective for average-reward MDPs. Yet, convergence rates were not provided.

Geist et al.|[2019] addressed regularized MDPs using MD-like updates in an approximate PI scheme.
The authors focused on update rules which require uniform access to the state space of the form
Tht1 = argmingcas (qr, ™ — m) + By, (m, ), similarly to Uniform TRPO (7)) with a fixed learn-
ing rate, t;, = 1. In this paper, we argued in favor of viewing this update rule as an instance of the
more general update rule (9)), i.e., MD with an adaptive proximity term. This view allowed us to
analyze adaptive Sample-Based TRPO, which does not require uniform access to the state space.
Also, we proved Sample-Based TRPO inherits the same asymptotic performance guarantees of CPI:
the quality of the policy Sample-Based TRPO outputs depends on C™ . The results of Geist et al.
[2019] in the approximate setting led to worse concentrability coefficients, C?, which can be infinite

even when C™ is finite [Scherrer, 2014] and depends on the worst case of all policies.

Recently, Agarwal et al.|[2019] analyzed a variant of PPG under the assumption of exact gradients
and uniform access to the state space. Their proven convergence rate depends on both S and C™
whereas Sample-Based TRPO with exact gradients (¢ = 0) does not depend on S nor on C™ . Also,
the authors did not establish faster rates for regularized MDPs. Importantly, their PPG algorithm
is different than the one we study, which can explain the discrepancy between our results: It uses
the update 741 € PAs (m — nVuv™ ), whereas, the PPG studied in this work applies a different
update rule using adapnve scaling of the Bregman distance (see (7)), (8), in the exact euclidean case).

7 Conclusions

We analyzed the Uniform and Sample-Based TRPO methods. The first is a planning, trust region
method with an adaptive proximity term, and the latter is an RL sample-based version of the first.
Different choices of the proximity term led to two instances of the TRPO method: PPG and NE-TRPO.
For both, we proved O(1/+/N) convergence rate to the global optimum, and a faster O(l /N) rate for
regularized MDPs. Although Sample-Based TRPO does not necessarily output an improving sequence
of policies, as CPI does, its best policy in hindsight does improve. Furthermore, the asymptotic
performance of Sample-Based TRPO is equivalent to that of CPI, and its sample complexity exhibits
better dependence in (1 — v)~!. These results establish the popular NE-TRPO [Schulman et al.,
2015] should not be interpreted as an approximate heuristic to CPI but as a viable alternative.
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A Algorithms

By instantiating the PolicyUpdate procedure with Algorithms [3]and ] we get the PPG and NE-TRPO instances of Uniform and
Sample-Based TRPO. The algorithms are discussed and analyzed in the following sections: Algorithm [I)is described Section 4]
and analyzed Appendix [E} Algorithm [2]is described in Section[5]and analyzed in Appendix [F} Algorithms [3|and[d]are analyzed

in Appendix[E.2]

Algorithm 1 Uniform TRPO

Initialize: ¢, v, A\, g is the uniform policy.
for k=0,1,...do
v = (I —yP™)" 1T
for Vs € Sdo
for Va € Ado
03" (s,a) = X (s,a) +7 22, p(s'ls, a)vi* (s)
end for
T+1(+[s) < PolicyUpdate(my(-]s), ¢3" (s, ), tks A)
end for
end for

Algorithm 2 Sample-Based TRPO

Initialize: ¢y, v, A, mp, €,0 > 0
fork=0,1,...do
Sk, ={},Vs,a,45*(s,a) = 0,ny(s,a) =0
~ 2 ~2

My, > O(A C"“‘“Ef_k;g)fgﬂog 1/6)) # See Appcndix

# Sample Trajectories

form =1,.., M do
Sample s, ~ dy r, (-)
Sample a,, ~ U(A)
43" (Sm, @m, m)=Truncated Rollout of ¢\* (S, @)
(j;\rk (3m7 am) — Qik (Sma am) + (j;\rk (3m7 Ay m)
Nk (Smy Gm) < Nk (S, @) + 1
Sk =88 U {sn}

end for

# Update Next Policy

for Vs € S}, do

for Va € Ado -
B (5,0) < SELES
end for
T+1(+|s) < PolicyUpdate(m(-|s), 1" (s, ), trs A)
end for
end for
Algorithm 3 PolicyUpdate: PPG Algorithm 4 PolicyUpdate: NE-TRPO
input: 7T(' | S)a Q(Sv ')a tka A input: 7T(' | S), Q(Sv ')a tka A
for a € Ado for a € Ado (o) x tom mCalon)
t T s ‘*tk q(s,a og w(al|s
eng(f?)f) —m(a|s)— 7a(s,a) 7(als) < S iilfﬁi)e—tk(“-‘*"”“1°g’“WW)
a’e A
T(-[s) < Pa(m(- | 5)) end for
return (- | s) return (- | s)

10



B Detailed Notations

In this section we elaborate more than the notation section (Section [2]) in main body of the paper.

We consider the infinite-horizon discounted MDP which is defined as the 5-tuple (S,.A, P, C,~) [Sutton and Barto, [2018]],
where S and A are finite state and action sets with cardinality of S = |S| and A = | A|, respectively. The transition kernel is
P = P(s|s,a), C = ¢(s,a) is a cost function bounded in [0, Cmax]ﬂ, and v € (0,1) is a discount factor. Let 7 : S — A5 be a
stationary policy, where A 4 is the set probability distributions on .A. Let v™ € R¥ be the value of a policy 7, with its s € S entry
given by v™(s) := E™[>"2  y'r(s, m(s¢)) | so = s], and E™[- | s9 = s| denotes expectation w.r.t. the distribution induced by
7 and conditioned on the event {sy = s}. It is known that v™ = 7% 7/ (P™)'¢™ = (I — vP™)~'c™, with the component-wise
values [P, o := P(s' | s,m(s)) and [¢"],s := c(s,7(s)). Our goal is to find a policy 7* yielding the optimal value v* such
that

vt = Ir;in([ —AP™) LT = (I —yP™ )l 9)

This goal can be achieved using the classical operators:

Yo, m, T"v =" +yP™v,and Yv, Tv = min T v, (10)

where T'™ is a linear operator, T is the optimal Bellman operator and both 7™ and T are «-contraction mappings w.r.t. the
max-norm. The fixed points of 7" and 7" are v™ and v*.

A large portion of this paper is devoted to analysis of regularized MDPs: A regularized MDP is an MDP with a shaped cost
denoted by ¢f for A > 0. Specifically, the cost of a policy 7 on a regularized MDP translates to 5 (s) := ¢"(s) + Aw (s;7)
where w (s;7) := w(n(- | s)) and w : A4 — Ris a 1-strongly convex function. We denote w(7) € R® as the corresponding
state-wise vector. See that for A\ = 0, the cost ¢™ is recovered. In this work we consider two choices of w: the euclidean case
w(s;m) =4 |m(- | s)Hg and non-euclidean case w (s;7) = H(n(- | s)) + log A. By this choice we have that 0 < ¢§(s) <
Crnax,» Where Chgx x = Cax +A and Cpax x = Crnax +A log A, for the euclidean and non-euclidean cases, respectively. With
some abuse of notation we omit w from Cpay x.

The value of a stationary policy 7 on the regularized MDP is v§ = (I — vP™)~1c]. Furthermore, the optimal value v}, optimal
policy 3 and Bellman operators of the regularized MDP are generalized as follows,

v} = min(I —yP™) el = (I — fyP”;)*lci\r;, (11)
Yo, m, Tyv = c} +vP"v,and Vv, Thv = min Ty v.

As Bellman operators for MDPs, both T ,T are vy-contractions with fixed points v}, vy [Geist et al., 2019]. Denoting
ci(s,a) = ¢(s,a) + Aw (s; ), the g-function of a policy 7 for a regularized MDP is defined as

aX(s,0) = K(s,0) ) 0" (" | 8)oR(s"),

When the state space is small, both criteria (9, (TT)), can be solved using DP approaches. However, in case of a large state space
it is expected to be computationally infeasible to apply such algorithms as they require access to the entire state space and to a
model of the environment, which is usually absent. In this work, we relax these assumptions, and construct a sample-based
algorithm which minimizes a scalar objective instead of a vector in (9)), (IT), of the following form,

min E,,[v(s)] = min poy,
TeAS TEAS
where 1(+) is a probability measure over the state space. Using this objective, one wishes to find a policy 7 which minimizes

the expectation of v] (s) under a measure p. This objective is widely used in the RL literature [Sutton et al., 2000, Kakade and
Langford, 2002} |Schulman et al.,|[2015]].

Here, we always choose the regularization function w to be associated with the Bregman distance used, B,,. This simplifies
the analysis as cf is A-strongly convex w.r.t. B, by definition. Given two policies 71, T2, we denote their Bregman distance as
By, (s;m1,m) := By, (m1(- | 8),m2(- | 8)) and B,, (71, 72) €R? is the corresponding state-wise vector. The euclidean choice for
wleads to B, (s;m,m2) =13 ||m1(- | 5) — ma(- | s)Hg, and the non-euclidean choice to B, (s; 71, m2) =dk (m1(-|s)||m2(+]5)).

TWe work with costs instead of rewards to comply with convex analysis. All results are valid to the case where a reward is used.

11



In the results we use the following w-dependent constant, C,, ;1 = v/ A in the euclidean case, and C,, ; = 1 in the non-euclidean
case.

The proposed algorithms always initialize 7, the policy at the first iteration, to be a uniform distribution. For brevity, we
omit constant and logarithmic factors when using O(-), and omit any factors other than non-logarithmic factors in N, when

using O(+). For z,y € RS*4 | the state-action inner product is (z,y) = >s.a Z(8;a)y(s, a), and the fixed-state inner product is
(x(5,),y(s,")) = 3, z(s,a)y(s, a). Lastly, when z € R¥*5*4 (e.g., first claim of Proposition|[l) the inner product (z, y) is a

vector in R¥ where (z,y)(s) := (x(s,-,-),y) = >, , (s, 8',a)y(s, a), with some abuse of notation.

C Mirror Descent in Convex Optimization

This section serves as a background section about the Mirror Descent algorithm. We recommend reading this short brief in order
to understand the basis of the regularization mechanism used in this paper for regularized MDPs, and its relation to the Convex
Optimization literature.

Mirror descent (MD) [Beck and Teboulle, |2003]] is a well known first-order trust region optimization method for solving
constrained convex problems, i.e, for finding
x* € argmin f(z), (12)
zeC
where f is a convex function and C'is a convex compact set. In each iteration, MD minimizes a linear approximation of the
objective function, using the gradient V f(xy), together with a proximity term by which the updated xj 1 is ‘close’ to xj. Thus,
it is considered a trust region method, as the iterates are ‘close’ to one another. The iterates of MD are

1

ZTp1 € argmin(V f(xg),x — i) + — Buw (¢, zk) , (13)
zeC tk

where B, (z, 7x) = w(z) —w(xk) — (Vw(2k),  — zy) is the Bregman distance associated with a strongly convex w and ¢, is a

stepsize (see Appendix . In the general convex case, MD converges to the optimal solution of (12) with a rate of O(1/V/'N),

where N is the number of MD iterations [Beck and Teboulle, 2003, Juditsky et al.| 2011, i.e., f(zx) — f* < O(l/\/E) where

fr=f).

The convergence rate can be further improved when f is a part of special classes of functions. One such class is the set of
A-strongly convex functions w.r.t. the Bregman distance. We say that f is A-strongly convex w.r.t. the Bregman distance if
fly) > f(z) +(Vf(z),y —x) + A\B, (y, z). For such f, improved convergence rate of O(1/N) can be obtained [Juditsky
et al.l[2011} Nedic and Lee}, 2014]]. Thus, instead of using MD to optimize a convex f, one can consider the following regularized
problem,

z* = argmin f(z) + A\g(x), (14)

zeC

where g is a strongly convex regularizer with coefficient A > 0. Define F)(x) := f(z) + Ag(z), then, each iteration of MD
becomes,

1

g1 = argmin({VF)\(a),x — zk) + — B, (x, k) . (15)
zeC tx

Solving (T3) allows faster convergence, at the expense of adding a bias to the solution of (I2). Trivially, by setting A = 0, we go

back to the unregularized convex case.

In the following, we consider two common choices of w which induce a proper Bregman distance: (a) The euclidean case, with

w(-) =1 ||||§ and the resulting Bregman distance is the squared euclidean norm B,, (z,y) = 3 ||z — ylli In this case, (13)
becomes the Projected Gradient Descent algorithm (Beckl [2017] Section 9.1), where in each iteration, the update step goes along

the direction of the gradient at zj, V f (2} ), and then projected back to the convex set C, 211 = P (x — t:V f(21)) , where
P.(z) = minyec 1 ||lz — y||§ is the orthogonal projection operator w.r.t. the euclidean norm.

(b) The non-euclidean case, where w(-) = H(-) is the negative entropy, and the Bregman distance then becomes the Kullback-
Leibler divergence, B, (,y) = dxr(x||y). In this case, MD becomes the Exponentiated Gradient Descent algorithm. Unlike
the euclidean case, where we need to project back into the set, when choosing w as the negative entropy, (I3) has a closed form

i i —tpVif(zg)
solution (Beck, 2017, Example 3.71), z} ,, = wie~th Vil @y

i . .
T, el w0 where z; and V; f are the i-th coordinates of 3, and V f.

12



C.1 Assumptions of Mirror Descent
Assumption 2 (properties of Bregman distance).
(A) w is proper closed and convex.

(B) w is differentiable over dom(dw).

(C) C C dom(w)

(D) w + ¢ is o-strongly convex (o > 0)

Assumption [2]is the main assumption regarding the underlying Bregman distance used in Mirror Descent. In our analysis, we

have two common choice of w: a) the negative entropy function, denoted as H (-), for which the corresponding Bregman distance

is By, (,-) = dgr(-||). b) the euclidean norm w(-) = 1 ||- ||?, for which the resulting Bregman distance is the euclidean distance.

The convex optimization domain C is in our case A%, the state-wise unit simplex over the space of actions. For both choices, the
assumption holds. Finally, ¢ () is an extended real valued function which describes the optimization domain C'. It is defined as
follows: For z € C, éc(x) = 0. For x ¢ C, d¢(x) = oo. For more details, see [Beckl [2017].

We go on to define the second assumption regarding the optimization problem:

Assumption 3.

(A) f:E — (—o0,00] is proper closed.
(B) C' C E is nonempty closed and convex.
(C) C Cint(dom(f)).

(D) The optimal set of (P) is nonempty.

D Policy Gradient, and Directional Derivatives for Regularized MDPs

In this section we re-derive the Policy Gradient Theorem [Sutton et al., 2000]] for regularized MDPs when tabular representation
is used. Meaning, we explicitly calculate the derivative V zv7 (s). Based on this result, we derive the directional derivative, or
the linear approximation of the objective functions, (Vv (s), 7 — '), (V.pv3(s), m — 7).

D.1 Extended Value Functions

To formally study Vv (s) we need to define value functions v™ when 7 is outside of the simplex A%, since when 7(a | s)
changes infinitesimally, 7(- | s) does not remain a valid probability distribution. To this end, we study extended value functions
denoted by v(y) € R for y € RS*4, and denote v,(y) as the component of v(y) which corresponds to the state s. Furthermore,
we define the following cost and dynamics,

o= Dyl | )(e(s,0) + Mws(v)),
Py =Y yld | s)p(s' | s,d),
a/
where w;(y) :== w(y(- | s)) forw : RY = R, p¥ € RS> and ¢§ € R5.
Definition 1 (Extended value and ¢ functions.). An extended value function is a mapping v : RS*4 — RS, such that for

y e RSXA

v(y) =Y ("), (16)

t=0
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Similarly, an extended q-function is a mapping q : R4 — RS*A sych that its s, a element is given by

Goraly) = c(s,a) + Mwg(y) +7 3 p(s' | s, a0, (17)

When y € Ai is a policy, w, we denote v(r) := v§ € RY q(m) = ¢f € RS*A,

Note that in this section we use different notations than the rest of the paper, in order to generalize the discussion and keep it out
of the regular RL conventions.

The following proposition establishes that v(y) the fixed point of a corresponding Bellman operator when y is close to the
simplex component-wise.

Lemma5. Lety € {y e RS Vs, y/(a|s)| < %} Define the operator TV : RS — RS, such that for any v € R,
(TYv)s := cg\’s + v Zpg,s/vsl_
S/
Then,

1. TY is a contraction operator in the max norm.

2. Its fixed-point is v(y) and satisfies vs(y) = (TYv(y))s.

Proof. We start by proving the first claim. Unlike in classical results on MDPs, y is not a policy. However, since it is not ‘too far’
from being a policy we get the usual contraction property by standard proof techniques.

Letv',v € R¥, and assume (TYv"), > (TYv)s.

(T%) = (TV0)s =7 Y _yla|s) D p(s' | s,a)(vh —vy)
<y ylal )Y p(s'| s,a) [l —vello
=7l = sl D ylals)
<l —vorlle Y lyla | s)|

< va’ - vS/Hoo .

In the fourth relation we used the assumption that v} |y(a | s)| < 1. Repeating the same proof for the other case where
(TYv")s < (TYv)s, concludes the proof of the first claim.

To prove the second claim, we use the definition of v(y).

v(y) =Y A (p") 'S

t=

o
+) Y

t=1

o0
= c§ +p <Z vt(py)t0§>
t=0

=S +pYv(y).

>

=cC

In the third relation we used the distributive property of matrix multiplication and in the forth relation we used the definition of
v(y). Thus, v(y) = TYv(y), i.e., v(y) is the fixed point of the operator TY. O

14



D.2 Policy Gradient Theorem for Regularized MDPs

We now derive the Policy Gradient Theorem for regularized MDPs for tabular policy representation. Specifically, we use the
notion of an extended value function and an extended g-functions defined in the previous section.

SxA . 1
Lemma 6. Lety € {y’ € R7*":Vs, 3 [y (a|s)| < 3} Then,

vs(y) = > y(a' | 8)gs.a ()

Proof. Using (T7), we get
> yla | 8)gear(y) = yla | s)(c(s,a) + Aws(y) +7 Y _p(s' | 5,0 )ve(y)

ry

=+ Y_p(s' | 5,0 e (y) = va(y),

s/

where the last equality is by the fixed-point property of Lemma 5] [

We now derive the Policy Gradient Theorem for extended (regularized) value functions.

Theorem 7 (Policy Gradient for Extended Regularized Value Functions). Lety € {y : Vs,> . |y(a | s)| < %} Furthermore,
consider a fixed s, a and s. Then,

Oy, vs(y) =D _7'PY (51| $)05.5, (qs,a(y) + A0y, ws(y) (Z y(a | S)>> :
t=0 a’
where p¥(sy | 8) =3, pY(se|se—1) - pY(s1|8),and p{(so|s) = 1.

Proof. Following similar derivation to the original Policy Gradient Theorem [Sutton et al., 2000], for every s,
8?!5,& Us (y)
=3 (0yea¥(@' | 9)as,0r () +y(@" | )Dys 0G0 ()

= Z 5s,§5a’,aq$,a’ (y) + y(a/ | S)ayg,aQS,a’ (y)

We now explicitly write the last term,

ayg,aQS,a/ (y)
= y;a (C(& a') + Mws(y) +7 Y p(s' | S,a')vs'(y)>

= Aés,gays,aws(y) + 'Y Zp(sl | 8’ a/)ayg.avs'(y)'

Plugging this back yields,
ay.é,avs (y)
= Z 05,500’ ,ads,a (Y) + )‘y(a/ | 3)5s,§ays,aW8(y)
+3 3yl | (s’ | 5,a)d,. 00 (y)

s’ a’

= Z 65,§&1’,&Qs,a’ (y) + )‘y(a/ | 3)65758(1/5@“5(3}) + Y Zpy(sl I S)ayg,avs’ (y)

15



Iteratively applying this relation yields

By .vs(y) =Y ¥'DY (50 ] )35, <qs,a(y) + Ay, ,ws(y) (Z y(a' | 8))) ;
t=0 o

where,

Psels)= D p'(silsema)--p(s1]s),

S15--,5t

and pY(so | s) = 1. O

Returning to the specific notation for RL, defined in Section [B] by setting y = m, i.e., when y is a policy, we get the Policy
Gradient Theorem for regularized MDPs, since forall s, > , w(a’ | s) = 1.

Corollary 8 (Policy Gradient for Regularized MDPs). Let 7 € Ai. Then, Vo™ € R¥*S*4 and

o0

V0" (8,5,a) == V503 (s) = Z'ytp”(st =5]5) (Arasw™(5) + ¢5(5,a)) .
=0

D.3 The Linear Approximation of the Policy’s Value and The Directional Derivative for Regularized MDPs

In this section, we derive the directional derivative in policy space for regularized MDPs with tabular policy representation.

The linear approximation of the value function of the policy 7/, around the policy m, is given by

vf mof 4+ (Vaof, o —7)

In the MD framework, we take the arg min w.r.t. to this linear approximation. Note that the minimizer is independent on the
zeroth term, v¥, and thus the optimization problem depends only on the directional derivative, (V v}, 7" — 7). To keep track
with the MD formulation, we chose to refer to Proposition ] as the ‘linear approximation of a policy’s value’, even though it is
actually the directional derivative.

Proposition 1 (Linear Approximation of a Policy’s Value). Let 7, 7' € A%. Then,
(Vavf, ' =) = (I =7P") ™ (T7 0] = vf = AB (v',m)) Q)

1 ,
(Vepof ' = 7) = 7 due (Tg 0T — T — AB,, (7r’,7r)) . o)

See that (@) is a vector in R, whereas (@) is a scalar.

Proof. We start by proving the first claim. Consider the inner product, (V(.jsv™ (s), @'(- | §) — 7(- | 5)). By the linearity of
the inner product and using Corollary [§] we get,

(V150" (s), 7' (- | 5) = =(- | 5))

=D (50 =51 5) M (Va(iaw (5m) 7' (- | 8) = 7(- | 8)) + (3(5,), 7' (- | ) = 7(- | 8))) , (18)

t=0
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The following relations hold.

= (TF v5)(3) — v5(5) + Mw (5;7) — w (5; 7)) (19)

The third relation holds by the fixed-point property of v, and the last relation is by the definition of the regularized Bellman
operator.

Plugging this back into (T8)), we get,

(Voo™ (s), 7' (-] 5) —7(- | 5))

=" (se = 51 8) ((TFv0)(5) = 05 (5) = AB (s 7', ) 20)

Thus, we have that
(Vat™(8).7 = 7) 1= 303 (Vatapo™ (), (a | )~ w(a | 9)
= Z (Va0 (s), 7' (- | 5) = (- | 5))

- Z i'ytpw(st =3]s) ((Tf/vf)(E) —v3(3) — AB,, (5 71-’771-))
5 t=0

= (I =P")5} ((T5'05)(5) = v3(5) = B (s: 7, m) )

= [T =P (T35 = of = ABL (', m) )| (9):

Where the third relation is by (20), the forth by defining the matrix Y,° 7*P™ = (I — vP™)~1, and the fifth by the definition
of matrix-vector product.
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To prove the second claim, multiply both sides of the first relation (3)) by . For the LHS we get,

S 1(s) (Voo™ (), 7 (-] 5) = (- | 5)) = <Z 1(5) V50" (8), 7' | 5) = (- | s>>

= <Vﬁ(.|s) > uls)om(s),a'(-| 8) = m- | §)>

= <V,T(.|§)MUW77T/(- | 5) —m(-| §)>

In the first and second relation we used the linearity of the inner product and the derivative, and in the third relation the definition

of uv™. Lastly, observe that multiplying the RHS by u yields u(I — yP™)~! = ﬁd#m. O

E Uniform Trust Region Policy Optimization

In this Appendix, we derive the Uniform TRPO algorithm (Algorithm[I)) and prove its convergence for both the unregularized
and regularized versions. Both Uniform Projected Policy Gradient and Uniform NE-TRPO are instances of Uniform TRPO, by a
proper choice of the Bregman distance. In Appendix [E. T we explicitly show that the iterates

1
Tr41 € arg min {(Vv;”“,w — )+ —(I —yP™)"'B, (W,ﬂk)} , (1)
meAS 23

result in algorithm [T} In Appendix [E.2] we derive the updates of the PolicyUpdate procedure, Algorithms [3]and[d} Then, we turn
to analyze Uniform TRPO and its instances in Appendix Specifically, we derive the fundamental inequality for Unifom
TRPO, similarly to the fundamental inequality for Mirror Descent (Beck| 2017, Lemma-9.13). Although the objective is not
convex, we show that due to the adaptive scaling, by applying the linear approximation of the value of regularized MDPs
(Proposition I)), we can repeat similar derivation to that of MD, with some modifications. Finally, in Appendix [E.4] we go on to
prove convergence rates for both the unregularized (A = 0) and regularized (A > 0) versions of Uniform TRPO, using a right
choice of stepsizes.

E.1 Uniform TRPO Update Rule
In each TRPO step, we solve the following optimization problem:

1
Tkl € ArgMingeas {<VU§’€,7T — ) + a(l —yP™)"'B, (W,Wk)}

1
€ angmin, e, { (7= 9P IRUT = 05 = ABL (m, ) + o (7 = 9P™) ™ B ()}

1
€ angming e { (7 = 1P™) NI~ o + (=) B mm) |
k

1
€ argminWeAi‘{T)’fv;\”" — vk + (t - )\> B, (w,ﬂk)},
k

where the second transition holds by plugging in the linear approximation (Proposition [I]), and the last transition holds since
(I —~P™)~! > ( and does not depend on 7. Thus, we have,

Tt € argmingens {tr(TX 03" — 03*) + (1 = Atw) B (7, i) } (22)

By discarding terms which do not depend on 7, we get

Thy1 € argmin{t, TN vy " + (1 — M) By, (7, 7%) } (23)
ﬂEAi

We are now ready to write (7)), using the fact that (23), can be written as the following state-wise optimization problem: For
every s € S,

Tet1(- | s) € argmin{t, T{ v " (s) + (1 — Atg) By, (857, mx)
TEA 4
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E.2 The PolicyUpdate procedure: Algorithms[3]and 4]

Next, we write the solution for the optimization problem for each of the cases:

By plugging Lemma[20]into (22)
Try1 € argmin{ty (¢}* + AVw(my), m — m) + B, (7, 71) }

ﬂEAi
Or again in a state-wise form,
Tet1(- | s) € argIAnin{th;’“ (s8,)) + AVw (s;mk) , 7 — 7 (- | 8)) + Bo, (s;m,7x)} 24)
TEA A

Using (24)), we can plug in the solution of the MD iteration for each of the different cases.

Euclidean Case:

For w chosen to be the Lo norm, the solution to (24) is the orthogonal projection. For all s € S the policy is updated according to

Ti+1(:[8) = Pa (mi(ls) — teay* (s, ) — Mgme(- | 8))
= Pa (1 = Mg)mr([s) — teay*(s,-))s

where Pp , is the orthogonal projection operator over the simplex. Refer to [Beck, 2017] for details.

Finally, dividing by the constant 1 — A\t;, does not change the optimizer. Thus,

t
Tht1(:]8) = Pa, (Wk('|8) - ?IC)\WQTC(S» -)) : (25)

Non-Euclidean Case:

For w chosen to be the negative entropy, (24) has the following analytic solution for all s € S,

Thi1(- | s) € argmin{ty(q3" (s, ) + AVH (mi(- | 5),m — m(- | 5)) + drer(w(- [ s)|lmi(- [ 5))}

TEA 4
€ afr%IAnin{@kqf’“(s, )= (L= M) VH (i (- [ s), 7 — (- | 8)) + H(w(- | ) — Hi(7(- | 5))}
€ afr%IAnin{@kq}T’“(Sy ) = (L= M) VH(m(- | 8),m) + H(w(- [ 5))}

where the first transition is by substituting w and the Bregman distance, the second is by the definition of the Bregman distance,
and the last transition is by omitting constant factors.

By using (Beckl, 2017, Example 3.71), we get

T (a | §)e " (5:0) =Mk Vo (ago) H (i (-]5)

e (als) = > m(al | s)e*tquk(5’“’)*Atkvma'\s>H(”k('|8))'
a

Now, using the derivative of the negative entropy function H (-), we have that for every s, a,

7k (a | s)e~te (63" (s:a) =M log mi(als))

S (| s)e (i () Nogma(ls)

Te+1 (als) = , (26)

which concludes the result.
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E.3 Fundamental Inequality for Uniform TRPO

Central to the following analysis is Lemma[9] which we prove in this section. This lemma replaces Lemma [Beckl [2017]][9.13]
from which it inherits its name, for the RL non-convex case. It has two main differences relatively to Lemma [Beck, 2017][9.13]:
(a) The inequality is in vector form (statewise). (b) The non-convexity of f demands replacing the gradient inequality with
different proof mechanism, i.e., the directional derivative in RL (see Proposition [I)).

Lemma 9 (fundamental inequality for Uniform TRPO). Let {7y },>0 be the sequence generated by the uniform TRPO method
with stepsizes {ti }x>o. Then, for every m and k > 0,
(I — 4 P™) (o — o])
t2h2 .
2 )

< (1 — )\tk)Bw (77,7rk) — B, (7T77Tk+1) + )\tk(w(ﬂ'k) — w(ﬂk+1)) +

where hy, is defined in the second claim of Lemma 21} and e is a vector of ones.

Proof. First, notice that assumptions [2]and [3|hold. Assumption 2]is a regular assumption on the Bregman distance, which holds
trivially both in the euclidean and non-euclidean case, where the optimization domain is the Ai. Assumption |3(deals with the
optimization problem itself and is similar to (Beckl 2017, Assumption 9.1) over A 4. The only difference is that in our case, the
optimization objective v™ is non-convex.

Define ¢(m) = tj,(I — yP™ )(Vo(*, m) + 65 (m) where 65 (7) = 0 when 7 € A5, and infinite otherwise. Observe it is a
convex function in 7, as a sum of two convex functions: The first term is linear in 7 for any 7 € Ai, and thus convex, and
1) AS, (7) is convex since Aj is a convex set. Applying the non-euclidean second prox theorem (Theorem , with a = 7,

b = 71, we get that for any 7 € Ai,
(Vw(mg) = Ve(Tgir), ™ — mep1) < (L —yP™)(VoRs, m — mhp) (27
By the three-points lemma (26),
(Vw(rg) = Vw(mg1), ™ — Tgt1) = By (7, Tkt1) + Bo (71, Tk) — Bo (71, 78)
which, combined with (27), gives,

B, (7, Tp41) + By (M1, k) — Bo (7, 1) < tp(I — yP™ ) (Volk, T — Tpq1).

Therefore, by simple algebraic mainpulation, we get

tp(I —yP™)(Vul*, mp — )
< By, (m, 7)) — By (7, Thg1) — Bu (M1, i) + ti(I — yP™ ) (VolF, mp — Thgr)
= B, (m,m) — B, (7, Tk41) — Bu (Tkt1, ™) + th (T;kv;\”“ — T;T’““vj\”“) + Mg By (Tkt1, T8) (28)

where the last equality is due to Proposition and using (I — yP™)(I —yP™)~1 =I.
Rearranging we get

tk(I - ’}/Pﬂk)<v1}§k77rk - 7T>

< B, (m,m) — By (7, mkx1) — (1 — M) By (Tra1, T) + ti (T/{r’“v;”“ — T;\T’““v;’“)

1 — Mg
2

< B, (m,m) — B (7, Tkx1) — l7mger — 7rkH2 + 15 (T;\T’“U;k — T:k“vi’“) , (29)

where the last inequality follows since the Bregman distance is 1-strongly-convex for our choices of B,, (e.g., Beck, 2017,
Lemma 9.4(a)).
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Furthermore, for every state s € S,
t (T3 o3 = T olF) (s)
= tk)\(w (S; ’ﬂ'k) — W (S, 7Tk+1))

+ )tk (me(als) — mrra(als)) (c(s,a) +7 > pls'ls, a)vy(s"))
= tpMw (s;7) — w (85 Tht1))

+<’f 9 0l W)V T N >—m+1<-|s>>>

V1= Aty
< Atg(w (Saﬁk)—w(svﬂkﬂ)))
2
1— Mty 2 t2
T [mh1 — mll” + (7)\75 +’YZP |5, JoRk ()
1— Xt tehe
< M (s3m0) = (s m40)) + = Ims = el + 550,
where the first inequality is due to the Fenchel’ s1nequahty on the convex ||-||* and its convex conJugate |||, and the last equality
uses the fact that ||c(s,) +7 3, p(]s, )07 ()1 < llen(s, )+ Xy p('1s, )07 ()], = g3 (5. ), and using the

repsective bound in Lemma@

Plugging the last inequality into (29),

. tphe
tk(I — ’yPﬂ'k)<V1}>\k,ﬂ'k e 7T> < )\tk(w(wk) — w(wk+1)) + Bw (’R‘/l‘rk) — Bw (7T,7Tk+1) + m&
where e is a vector of all ones.
By using Proposition[Tjon the LHS, we get,
t2h2
_ tk(Tﬂvﬂk —v™ — \B, (7T,7Tk)) < )\tk(w(wk) — w(ﬁk+1)) + B, (7T,ﬂ'k-) — B, (7T,7Tk+1) + m
t2h?
= —4(T™0™ —v™) < Mg (w(mr) — w(Trt1)) + (1= AMg) By (7, %) — B (7, Th41) + ﬁe'
Lastly,
(T =y P™) (0% = ) = —ta(T"0™ —v™)
t2h?
< (1= Atg)Bu, (m, k) — Buy (7, Tpp1) + At (w(me) — w(mThi1)) + e,
2(1 — Atg)
where the first relation holds by the second claim in Lemma 23] O

E.4 Proof of Theorem 2]

Before proving the theorem, we establish that the policy improves in k for the chosen learning rates.

Lemma 10 (Uniform TRPO Policy Improvement). Let {7y} >0 be the sequence generated by Uniform TRPO. Then, for both
the euclidean and non-euclidean versions of the algorithm, for any A > 0, the value improves for all k,

Tl Thk4+1
(D VN

Proof. Restating (28)), we have that for any 7,
tr(I —yP™ ) (Vulr, m, — )
< B, (m,m) — By, (7, mg41) — By (Tig1, T) + (T;\T’“v;\r’“ — T;\”‘“ 7”“) + Mg By, (Tpg1, 1) -
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Plugging the closed form of the directional derivative (Proposition (1)), setting 7 = 7, using By, (7%, 7) = 0, we get,

te (T{F03E = T ol*) > By, (g, Trg1) + Buo (e, ™) (1 — Aeg). (30)

The choice of the learning rate and the fact that the Bregman distance is non negative (A > 0, Al = m < 1 and for A = 0 the
RHS of (30) is positive) implies that

U;\Tk _T;\Tk+1 Tk __ (Tﬂ'k Tk _T;\rk+1v;\rk) 20

T > T T, (31)

Th+1

Applying iteratively T’y and using its monotonicty we obtain,

O > TTHTE > (TP 2076 > e > lim (T74 )Tk = o
n—oo

9

Thk+1

where in the last relation we used the fact T “*" is a contraction operator and its fixed point is v} *** which proves the claim. [

For the sake of completeness and readability, we restate here Theorem P2} this time including the full theorem with all logarithmic
factors:

Theorem 11 (Convergence Rate: Uniform TRPO). Let {my, }i>0 be the sequence generated by Uniform TRPO,

Then, the following holds for all N > 1.

: — — a-v)
1. (Unregu]arlzed) Let A\ = 0, tk = m then
H,UTrN _U*H < O<Cw,lcmux(cw,3+logN))
=T 1=7)2VN
2. (Regularized) Let A > 0, t, = (k+2) then

- . Cf,’l Cmax,f log N
HUA _vAHoo <0 A1 —~)3N
Where C,, 1 = VA, Cy,3 = 1 for the euclidean case, and C, 1 = 1,C,, 3 = log A for the non-euclidean case.

We are now ready to prove Theorem T} while following arguments from (Beckl 2017, Theorem 9.18).

The Unregularized case

Proof. Applying Lemma|§| with 7 = 7* and A = 0 (the unregularized case) and let e € RS, a vector ones, the following
relations hold.

« t2h2
te(I —~vP™ ) (v™ —v*) < By, (7%, 7%) — By (7%, Tpt1) + kw e

(32)

Summing the above inequality over £ = 0,1, ..., IV, and noticing we get a telescopic sum gives

N . N 42p2
D tk(I =P ) (0™ = v*) < By (7%, m) = By (7%, v 1) + %
— k_

2

N y2p2
S 7T ﬂ_o § kw

k=0

N

< || B (7", mo)llc e + Y

k=0

212
#2h

w

2
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where the second relation holds since B, (7*, n4+1) > 0 component-wise. From which we get the following relations,

N p2p2
(I —~P™ Ztk *) < || By, (7r*,7r0)||ooe+z%
k=0
N . N p2p2
= Dt =) S (=P [[Bu (7 mo) g e+ e
k=0 k=0
_ 1B, mo)| 3
= tr < e 4 kY e (33)
Z Ty et Aan Ty

In the second relation we multiplied both sides of inequality by (I — vP™ )~! > 0 component-wise. In the third relation we
used (I —yP™)"te = ﬁe for any 7. By Lemma (I0) the policies are improving, from which, we get

N N
—)Y e <> b (07— 0). (34)
k=0 k=0

N
Combining (33), (34) , and dividing by 3 t, we get the following component-wise inequality,
k=0

. W
[ Be (7%, m0) o + 5 kzoti
vV =0 < ~ — ¢
(1=7) >tk
k=0
By plugging in the stepsizes, t;, = h;\/m we get,
N
b B )t 3
vV —v* <O = =0 e
1— N
’y E 1
= VAT

Plugging in Lemma [24]and bounding the sums (e.g., by using[Beckl 2017, Lemma 8.27(a)) yields,
h, D, +log N
v;\rN—v*§0< +108 e).
l=v VN

Plugging the expressions for h,,, D,, in Lemma[21]and Lemma 24 we conclude the proof. O

The Regularized case

Proof. Applying Lemmal[9 with 7 = 7* and A > 0,
th(I = yP™) (V" —v3)

t2h?
< (1= Mg)By (7", 7)) — By, (7%, pg1) + Mg (w(mg) — w(mgs1)) + me.
Plugging t;, = )\(k+2) and multiplying by A(k + 2),
(I =7P™) (v = 5)
. . h? 1
<Mk +1)B, (7", m) — Mk + 2)B,, (7%, 7p11) + Aw(mg) — dw(mre1) + VRS
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Summing the above inequality over k£ = 0, ..., N yields

N
> (I =~4P™) (v3F = v3)
k=0
9 N
X . hZ 1
< AB, (7%, m0) = AN + 3)B,, (7%, 7n+1) + Aw(ma) — dw(nner) + ﬂez —l

as the summation results in a telescopic sum.

Observe that for any 7, 7" and both our choices of w, w(w) — w(n’) < max, |w(mw)|. For the euclidean case max, |w(m)| < 1
and for the non euclidean case max, |w(m)| < log A. These bounds are the same bounds as the bound for the Bregman distance,
D,, (see Lemmal[24). Thus, for both our choices of w we can bound w(7) — w(7') < D,

Furthermore, since B, (7*, my1) > 0 the following bound holds:

ol R X1
ST —4P™) (uFF —v}) < 27D, e+ 55e Zk+1
k=0 k=1
(I —~P" 3 ) < 2AD,, hi il
EARD I et N T
k=0 k=1
N
_ 2D, 1
<:>Z F o) < 1_7e Z p (35)

and in the third relation we multiplied both side by (I — vP™ )~ > 0 component-wise and used (I — yP™) " 'e = ﬁe for
any .

By Lemma 0| the value v}"* decreases in k, and, thus,

(N+ DY —v3) <> (03 —v3) (36)

k=0

Combining (33), (36), and dividing by N + 1 we get the following component-wise inequality,

o 2Dy h2, NZ“ 1
v —v il K&
A POV 200 - (V1) &=k

N+1
Using the fact that Y. + € O(logn), we get
k=1

A2D,, + h?log N
TN % < O w w .
R ( M1 - )N )

Plugging the expressions for h,,, D,, in Lemma[21]and Lemma [24] we conclude the proof. O
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F Sample-Based Trust Region Policy Optimization

Sample-Based TRPO is a sample-based version of Uniform TRPO (see Appendix [E). Unlike Uniform TRPO which have access
to the entire state space and to a model of the environment, by which it computes v™ € R in each iteration, Sample-Based
TRPO solely requires the ability to sample from an MDP using a v-restart model. Similarly to [Kakade et al.,|2003], it requires
Assumption E]to be satisfied, which we restate here.

d du,ﬂ*(s)

v(s)

s

Assumption 1 (Finite Concentrability Coefficient). C™ := ’

= MaXses < 0.

o0

Thus, Sample-Based TRPO operates under much more realistic assumptions, and, more importantly, puts formal grounds to
first-order gradient based methods such as NE-TRPO [Schulman et al., |2015]], which was so far considered a heuristic method
motivated by CPI [Kakade and Langford} 2002].

In this section we prove Sample-Based TRPO (Section 5] Theorem [ converges to an approximately optimal solution with high
probability. We now describe the content of each of the following subsections: First, in Appendix [F.I} we prove Proposition 3|
which shows the connection between Sample-Based TRPO (using unbiased estimation) and Uniform TRPO. In Appendix
we analyze the Sample-Based TRPO update rule and formalize the truncated sampling process. In Appendix [F3] in order to ease
readability, we give a detailed proof sketch of the convergence theorem for Sample-Based TRPO. Then, we derive a fundamental
inequality that will be used to prove the convergence of both the unregularized and regularized versions (Appendix [F4). This
inequality is a scalar version of the fundamental inequality for Uniform TRPO (Lemma J), but with an additional term which
arises due to the approximation error. In Appendix [F.3] we analyze the sample complexity needed to bound this approximation
error. We go on to prove the convergence rates of Sample-Based TRPO for both the unregularized and regularized version
(Appendix [F.6). Finally, in Appendix [F.7] we calculate the overall sample complexity of both the unregularized and regularized
Sample-Based TRPO and compare it to CPIL.

F.1 Relation Between Uniform and Sample-Based TRPO

Before diving into the proof of Sample-Based TRPO, we prove Proposition 3} which connects the update rules of Uniform TRPO
and Sample-Based TRPO (in case of an unbiased estimator for ¢} *):

Proposition 3 (Uniform to Sample-Based Updates). Let Fy, be the o-field containing all events until the end of the k — 1 episode.
Then, for any 7, € Ai and every sample m,

1
V((Vv;”“,w — 7)) + t—([ - ’yP”’“)lew (7T,7rk))
k

1

_ EB@WJ? ], 7(- | $m) — k(- | $m)) + m

B, (spm;mymr) | Frel-

Proof. For any m = 1,..., M, we take expectation over the sampling process given the filtration Fy, i.e., s, ~ dy x,, Gm ~
U(A),qy" ~ g3* (we assume here an unbiased estimation process where we do not truncate the sample trajectories),

N 1
Tk . _ . - .
E|:<VU’U>\ [m], (- | $m) — k(- | $m)) + P By, ($m; ™, k) | Fre
_ 1 ATk _ . . 1 .
EL_%A‘A ($my s m)I{: = am} + Vw (smime) 7 (- | 5m) = me(- | 5m)) + Il _7)3w ($m3 ™, k) | fk}
1 [ 1
= ﬁ]E Eq”‘k [<A(jj\rk (8my M) = am} + Vw (8m; k), 7(- | $m) — T (- | 8m)) + ;Bw (8m; 7, k) | Swuavn] | ]:k}
— | D k
1 . 1
= ﬁﬂf (E@:k [G3F (Smy > m)I{- = am} | Smsam] + Vw (85 78) s 7(- | 8m) — T(- | 5m)) + ng (Sym; T, Tg) | .7:;9}
1 i 1
= ﬁIE (AGYF (smy ) = am} + Vw (Sm; k), (- | Sm) — (- | Sm)) + EBW (Sym; T, k) | ]:k]
= *)’ )
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where first transition is by the definition of @Vv;”“ [m], the second by the smoothing theorem, the third transition is due to the

linearity of expectation and the fourth transition is by taking the expectation and due to the fact that 1{a = a,, } is zero for any
a # Q.

1 1
() = T B LA (L = )+ T i 2 7 [ 5) = 18- 50) B (omi ) | 2
1 (— 1, . 1
= liEsm Z *<AQ>\ (Sm» )1{ = am} + Vw (8m;mk) (| 8m) = T | 8m)) + —Bo (8m; ™, 7k) | Fi
- LameA A 2
1 [ 1, . 1
= B OO0 A o L = a4 Ve (i) 7o) = () + B (smsmoms) | Fi
L a7n6A
1 . 1
- 7Esm <q>\k(57n7 ) Z ]]-{ == am} + vw (Sm;ﬂ'k) 77T(' | Sm) - 7Tk(' | 5m)> + *Bw (Sm;ﬂ'a ﬂ-k) | ‘Fk
1- v L am €A tk
1 [ - 1
= mESm (@3 (Sms> ) + Vw (S k), 7(- | Sm) — Tr(- | 5m)) + an ($Sm;m, k) | Fr
= (%x).

where the second transition is by taking the expectation over a,,, the third transition is by the linearity of the inner product and
due to the fact that (Vw (S;; k) , 7(- | Sm) — Tk (- | $m)) and By, (Sm; 7, 7)) are independent of a,.

Now, taking the expectation over s,, ~ dy .,

1 1
(x%) = ﬁIESm |:<q§k(5m, VAV (83 mk) 7 | 8m) — (- | $m)) + EBW (Sm;m, k) | ]-"k}

T S () ({655 Ve 5m) ) = )+ B ()

1 x 11
= 1 _,Ydl’vﬂ-k<q>\k +vw(7rk),ﬂ—_ﬂ—k> —+ Emdu!ﬂ-ka (ﬂ—vﬂ-k)
_Ld (TXvy" — v}k = ABy, (m,7 ))+l—1 dy,m, B (7, m1)
_1_,}/ v, \EX YN A w s Mk tkl—’)/ v, Pw s Tk
1
=V ﬂ-k’ - 7du7r Bw 5 5
< l/’U)\ 71' 7Tk;>+ tk(l—’}/) Tk (7T 7Tk)

where the second transition is by taking the expectation w.r.t. to s,,, the the fourth is by using the lemma [20] which connects the
bellman operator and the g-functions, and the last transition is due to (@) in Proposition [T}

So far, we proved that

_ 1
te(1 =)

E[Nuvzk (- | ) — 7 | 500)) +

<VI/U;\W,7T — 7Tk;> + du,'n'ka (7T7 ﬂ—k)

1

mb (5m§77777k) ‘ ]:k] 37

It is left to prove that,

1
(757 = )+ 4P B ()
k
1

= (Vvolk, m—mp) + ————
< A k> tk(l_’}/)

dy,m, Beo (70, k) (38)
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First, notice that for every s’

V<Vﬂ'k('|5’)vz\rk77r - 7176 ZV ‘ffk( [s") UA (S)ﬂﬂ—(' ‘ s/) - Wk(' | Sl)>

s

= < Veu(1sn P ($)03F (), (- | 87) = m(- | S’)>

< m(|5/)2 ), |S)7Tk(’$/)>

/
V(1503 m(- | ) — (- | 8),
where in the second and third transition we used the lmearlty of the inner product and the derivative, and in the last transition we

used the definition of vv{*.

Thus, we have,
v(Volk, m—m) = (Vvoyk, m — my). (39)

Now,

1
V(<VU§’C,7T — ) + t—([ — 'yP”’“)_le (m, 7rk)>
k

t

= (AT T )+ T = 2P B ()
)

1
= (V37 = ) + T = 4P B (rm)
k
1
te(1 =)
where the second transition is by plugging in (39) and the last transition is by the definition of the stationary distribution d,, r, .

O

= <VV’U§k,7T — 7Tk> + dl/,ﬂ'ka (7Ta ﬂ—k) )

By combining and (38) we conclude the proof.

F.2 Sample-Based TRPO Update Rule and the Sampling Process

In each step, we solve the following optimization problem (8):

1

Vyvzk m|, (- | $m) — k(| 5m)) + mb (Sm;m, T) }

Tp+1 € arg min{
‘n'EAi

=l

||M§ HM?

*(Smy s m)L{: = am} + AVW (8 7k) , (- | $m) — (- | 8m)) + iBw (sm;mwk))}

S

€ argmin
WGAi

M Aﬂ'k S L m = Ay W (Sm;TE),T( | Sm) — T(- | Sm
Eargmin{zz]l{s—sm} <<A (8, m)1{ ng/\wv(si;mﬂ:)) (- | sm) k(- | )>)}’

TEAS Sm=1

where s, ~ dy 7, () 5 am ~ U(A), and ¢1* (S, @m,m) is the truncated Monte Carlo estimator of ¢\* (S, @y, ) in the m-th
trajectory. The notation G} " (s, -, m)1{- = am} is a vector with the estimator value at the index a,,, and zero elsewhere. Also,
we remind the reader we use the notation A := |.A|. We can obtain a sample s,,, ~ d,, ~, (-) by a similar process as described
in [Kakade and Langford} 2002} [Kakade et al., 2003]]. Draw a start state s from the v-restart distribution. Then, s,,, = s is chosen
w.p. v. Otherwise, w.p. 1 — ~, an action is sampled according to a ~ 7 (s) to receive the next state s. This process is repeated
until s,, is chosen. If the time T = ﬁ log m is reached, we accept the current state as s,,. Note that 7, (k, \) is defined
in Lemma and ¢ is the required final error. Finally, when s,,, is chosen, an action a,,, is drawn from the uniform distribution,
and then the trajectory is unrolled using the current policy 7y, for T = 5 17 log m time-steps, to calculate G} * (S, @, M).
Note that this introduces a bias into the estimation of ¢}* [Kakade et al., 2003][Sections 2.3.3 and 7.3.4]. Lastly, note that the A
factor in the estimator is due to importance sampling.
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First, the update rule of Sample-Based TRPO can be written as a state-wise update rule for any s € S. Observe that,

TEAS, m=1

M
1
Mgl € argmin{ Z (AGYF (smy s m)1{- = am} + AVw (83 7k) , 7(- | $m) — Tk | 5m)) + an (Sm;ﬂ,ﬂk)}

_ argmm{z S s = 5) (<Aq§k (ms s ML = i} AV (i 710) 7 (- | 5) = (- | sm)>> } o)

TFEA ses m=1 +EBW (SWLaTraﬂ-k)

The first relation is the definition of the update rule (8) without the constant factor ﬁ See that multiplying the optimization
problem by the constant M does not change the minimizer. In the second relation we used the fact that summation on
> 1{s = s, } leaves the optimization problem unchanged (as the indicator function is 0 for all states that are not s,,).

Thus, using this update rule we can solve the optimization problem individually per s € S,

1 (c]s) = ar,g;IAnin{ Z 1{s = si} (< (s, m)I{s = am} + AVw (s;mg) 7 — mi(- | 8)) + iBw (S;W,ﬂk))

(41)

Note that using this representation optimization problem, the solution for states which were not encountered in the k-th iteration,
s ¢ Sk, is arbitrary. To be consistent, we always choose to keep the current policy, 11 (- | 8) = 71 (- | 8).

Now, similarly to Uniform TRPO, the update rule of Sample-Based TRPO can be written such that the optimization problem is
solved individually per visited state s € S¥,. This results in the final update rule used in Algorithm

To prove this, let n(s) = ) n(s, a) be the number of times the state s was observed at the k-th episode. Using this notation
and (@0), the update rule has the following equivalent forms,

M
Tht1 € argmin{ Z(Aq;%(sm, Sm)I{s = am} + AV (8 7k) , 7 | 8m) — Ti (- | Sm)) —|— B (Sm; ™, k) }

TEAS m=1

(AGYF (smy s m)1{- = am} + AVW (s 7k) s 7(- | 8m) — T (- | 5m))
_arglln{:gzl 15 =) ( Rl
7T SES M d

:argmm{z <<Z?f_1n{szsm}A4§k<sm,~,m>n{-=am}+n<s>m<s;m> n( | 5) = i )}

+n(s)%Bw (s;m, k)

s
TEAY t

seS

= argmin

( me1 {5 = sm A (s, -, m)1{- = am } + n(s)AVw (s;m) ,7(- | 5) — mi(- >
WGAi k
SESY,

+n(s) iBW (s;7,mk)

ongmind S ({7 S 1 = AT (o mILL = am) 4 AV (5720, 7(-| )~ ma(-| )
TEAS, SGS" +:-B,, (s;m, k)

(42)
In the third relation we used the fact for any 7, 7,

M
ZZB sm,Wﬂk)l{S—sm}—ZB (s;m,7k) Z]].{S:Sm}:ZBw(S;’]TﬂTk)TL(S).

s m=1

The fourth relation holds as the optimization problem is not affected by s ¢ S, and the last relation holds by dividing by
n(s) > 0 as s € Sk, and using linearity of inner product.

Lastly, we observe that (@2)) is a sum of functions of 7(- | s), i.e.,

Trp+1 € arg min E flm ,
7r€A
seSk,
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where f = (g5, 7(- | $)) + tika (837, 7%), gs € R4 is the vector inside the inner product of @#2). Meaning, the minimization

problem is a sum of independent summands. Thus, in order to minimize the function on A% it is enough to minimize
independently each one of the summands. From this observation, we conclude that the update rule (é]) is equivalent to update the
policy for all s € S¥, by

1M — ATk . .= . — .
7Tk+1(' | 3) € arg IénAn { <<n(s) Zm:l 1{3 = Sm}AQ)\ (87er 7m)]1{ CL,n} + AVw (S,ﬂ'k) , T 7Tk;( | 3)>> }7 (43)
TEAL

L B (simm)

Finally, by plugging in §3* (s, a) = n(ls) Z?:(Sla) 4\ (s,a,m;), we get
Tet1(- | 8) € arg réliAn {tx (33" (s,-) + AVw (s;mx) , m) + By, (s;m,7mk) },
TEA A

where m; is the trajectory index of the i-th occurrence of the state s.

F.3 Proof Sketch of Theorem 4]

In order to keep things organized for an easy reading, we first go through the proof sketch in high level, which serves as map for
reading the proof of Theorem []in the following sections:

1. In Appendix [F.4] we use the Sample-Based TRPO optimization problem described in[F2] to derive a fundamental
inequality in Lemma [[3]for the sample-based case.:

(a) We derive a state-wise inequality for the sample-based case. By adding and subtracting a term which relates to
the expectation of the state-wise inequality, we write this inequality as a sum between the expected error and an
approximation error term.

(b) For each state, we employ importance sampling of Z“:: E:; to relate the derived state-wise inequality, to a

global guarantee w.r.t. the optimal policy 7* and measure p. This importance sampling procedure is allowed by
assumption which states that for any s such that d, -+ (s) > 0 it also holds that v(s) > 0, and thus d, , (s) > 0
since dy x, (s) > (1 —y)v(s).

(c) By summing over all states we get the required fundamental inequality, which is a sum between the expected error
and an approximation error term.

2. In Appendix we show that the approximation error term is made of two sources of errors: (a) a sampling error due
to the finite number of trajectories in each iteration; (b) a truncation error due to the finite length of each trajectory, even
in the infinite-horizon case.

(a) In Lemma [T6] we deal with the sampling error. We show that this error is due to the difference between an
empirical mean of i.i.d. random variables and their expected value. Using Lemma[22]and Lemma 23] we show
that these random variables are bounded, and also that they are proportional to the step size ¢5. Then, similarly to
[Kakade et al.l 2003]], we use Hoeffding’s inequality and the union bound over the policy space (in our case, the
space of deterministic policies), in order to bound this error term uniformly. This enables us to find the number

‘ te with high

dyy
v

of trajectories needed in the k-th iteration to reach an error proportional to C™ ¢ = ‘

dy * (s)
dl/,‘frk (S) ’

probability. The common concentration efficient O™, arises due to

the importance sampling ratio used
for the global convergence guarantee.

(b) In Lemmawe deal with the truncation error. We show that we can bound this error to be proportional to C™ e,
by using O (ﬁ) samples in each trajectory.

Finally, in Lemma[I9] we use the union bound over all & € N in order to uniformly bound the error propagation over N
iterations of Sample-Based TRPO.

3. In Appendix [F.6] we use the above results to prove Theorem [ using a similar analysis to the one used for the rates
guarantees of Uniform TRPO (Appendix [E.4). The main difference is the additional approximation term which we
bound in[F3] There, we make use of the fact that the approximation term is proportional to the step size ¢; and thus
decreasing with the number of iterations, to prove a bounded approximation error for any N. Moreover, differently than
in Uniform TRPO, in the sample-based case we don’t have improvement guarantees, and therefore the convergence is
proved for the best policy in hindsight.

4. Lastly, in Appendix we calculate the overall sample complexity — previously we bounded the number of needed
iterations and the number of samples needed in every iteartion — for each of the four cases of Sample-Based TRPO
(euclidean vs. non-euclidean, unregularized vs. regularized).
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F.4 Fundamental Inequality of Sample-Based TRPO

First, we will prove a lemma which will be used in the proof of Lemma|[I3]

Lemma 12 (helper state-wise inequality). For all states s the following inequality holds:

<t;~C (@3*(s,) F AVw (s:7k)) + Vi Boo (83 g1, Tr) T — Thogr (- | s)>
tihd (ks M)

< tp(TXvyk(s) — vi*(s)) + 5 (1 = Atg)By (837, 7%) — Bo (857, Th1) -
where h,, is defined at the third claim of Lemmal|Z1]
Proof. First, consider the LHS of the inequality,
<tk )+ AVw (8;7)) + Vi Bo (83 Trgpr, ), ™ — Trg1 (- s)>
= tk( az ( ) FAVW (85m8) s T = Tr1 (- | 8)) + (Vs Boo (85Tt Tk) » = g (- | 8)) (44)

€] (2

The first term can be bounded as follows.

(1) = ti(ay" (s,1) + AVw (8;mk) , = g1 (- | 8))

= tr(q " (s,-) + AVw (s;mp) , 7 — m(- | 5))

+telay" (s,7) + AVw (s;mk) , (- [ 8) — g1 (- | )

< te(qY"(s,7) + AVw (s;7x) , ™ — (- | 8))

+ [(teal" (s, ) + teAVw (s;mx) , mi (- | 8) = Tga (- | 8))]
< te(qy" (s, ) + AVw (s;7x) , ™ — (- | 8))

£ 165" (5, ) + AV (s | :
B e s 5 Imel- 8) = T -] )IP

_|_

where the last relation follows from Fenchel’s inequality using the euclidean or non-euclidean norm ||-||, and where ||-||, is its
dual norm, which is L, in the euclidean case, and L, in the non-euclidean case. Note that the norms are applied over the action
space. Furthermore, by adding and subtracting Aw (s; 7),
(63" (s,) + AVw (s;7%) , m — k)
= (3" (s,),m = k(- | 8)) + MVw (s;m1) , 7 — mi(- | 5))
=T (s) = T™ v " (s) — Aw (857) + Aw (85 7k) + MVw (s;7) , 7 — T (- | 5))
irvfk (s) = T{* 03" (s) — ABy (837, k)
=Ty (s) —vi"(s) = ABy (s;m, m) (45)

where the second transition follows the same steps as in equation (I9) in the proof of Proposition[I} and the third transition is by
the definition of the Bregman distance of w. Note that (@3] is actually given in Lemma 20} but is re-derived here for readability.

From which, we conclude that

(1) < tp(TXvy*(s) —vi*(s) — AB,, (s;m, 7))

110 (5,) + AV (s;m) |2 1
N ol |8) = T[]

_ _ 2h2 (k) 1
< BT () — 0§ (5) — ABu (sim ) + HeBD) L Ly ) a9l

where in the last transition we used the third claim of Lemma[21]
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We now continue analyzing (2).
(2) = <vﬂ'k+1Bw (37 Tk+1, ﬂ-k) , T — 7T7€+1(' | 8)>
= (Vw (s;mk+1) — Vw (s57k) , 7 — 1 (- | 8))

= By, (s;m,m) — By, (857, Try1) — B (83 W1, Tr)

1
< B (simme) = Bu (837 M) = 5 1wl | 8) = Toa - | s

The first relation, Vo, , By, (8; Try1,T) = Vw (8;Tk41) — Vw (s; ), holds by simply taking the derivative of any Bregman
distance w.r.t. m41. The second relation holds by the three-points lemma (Lemma [26)). The third relation holds by the strong

convexity of the Bregman distance, i.e., 3 ||z — yl? < B, (z,y), which is straight forward in the euclidean case, and is the well
known Pinsker’s inequality in the non-euclidean case.

Plugging the above upper bounds for (1) and (2) into (#4) we get,

(te (@3*(5,7) + AVW (8:74)) + Ve, B (83 Thg1, M) o 7 — Mo (| )

< (TF 0 (s) — o (s)) + L)

which concludes the proof. O

+ (1 - Atk)BW (S;ﬂ',ﬂ'k) - BUJ (S;7T,7Tk+1) )

Now, we are ready to derive the fundamental inequality of Sample-Based TRPO. We first derive the following state-wise
inequality:

Lemma 13 (sample-based state-wise inequality). Let {my }x>0 be the sequence generated by Aproximate TRPO using stepsizes
{tx }k>0. Then, for all states s for which d,, , (s) > 0 the following inequality holds for all m € A5,

212 .
0 < (IO () — 0§t ) + B

where h,, is defined at the third claim of Lemma[22)

+ (1 = Mg)By, (857, m) — By, (857, mpy1) + €x(s, 7).

Proof. Using the first order optimality condition for the update rule (1)), the following holds for any s € S and thus for any
se{s 1 dyr,(s) >0},

M
1 o
i Z 1{s = sy}t (AG5" (Sm, -, M) L{: = am} + AVW ($m; 7)) + Vi oy Boo (S Tt Th) , T — M1 (- | Sim))-

m=1

0<

Dividing by d,, », (s) which is strictly positive for all s such that 1{s = s,,} = 1 and adding and subtracting the term

<tk (q3"(s,-) + AVw (s57)) + Vi, Bo (83 Thg1, 7)), — Thge1 (- 8)>,
we get

0 < <tk (qik (57 ) + AVw (8; ﬂ-k)) + Vﬂ'kJrle (S; 7Tk+1,7'('k) , T — 7Tk+1(' | S)> +€k(5,71’), (46)
()

where we defined ¢, (s, 7),
ex(s,m)

M
. du,wlk (s) % Z I{s = Sm}<tk (AGY (smy s m)L{- = @ }+AVW (8 )+ Ve r Bo (m3 Thet1, Tr) ’W_Wk+1('|sm)>

m=1

— (tr (63" (5,7) + AVw (5578)) + Vs Bo (83 T, ) s 7 = Thpa (- | 8))

M
1 1
— . 1{s = AGTE . 1{. = . . _ . _ .
() Mmz::l {s = sm}{tr (AGY" (S, -, M)L{- = am } +AVW (S1; k) +Vw (85 Tp41) —Vw (83 78) , T— g1 (| 5m))
— (tr (¢ (5,7) + AVw (5;57)) + Vw (83 Tpq1) — Vw (8578) , T — Tep1 (| 8)). 47)
By bounding (x) in (@6)) using Lemmawe conclude the proof. O
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Now, we state another lemma which connects the state-wise inequality using the discounted stationary distribution of the optimal
policy d; 7=.

Lemma 14. Let Assumption[l|hold and let {m}.} >0 be the sequence generated by Aproximate TRPO using stepsizes {ty} r>o.
Then, for all k > 0 Then, the following inequality holds for all w,

t2h (k; \)
2
where h,, is defined in the third claim of Lemma

0 < tpdy - (TYVYF —v3F) + + (1 = Atg)dy,n=Be (7, m) — dy e Bo (7, Tog1) + dpy € (-, ).

Proof. By Assumption I} for all s for which d,, »-(s) > 0 it also holds that d,, , (s) > 0. Thus, for all s for which d,, - (s) > 0
the component-wise relation in Lemmaholds. By multiplying each inequality by the positive number d,, - (s) and summing
over all s we get,

T Tr tihi(’f; A)
0 S tkd[.l,,ﬂ"* (T)\ v)\k - 'U)\k) + # + (1 - Atk)dll77‘r*Bw (7T,7Tk) — d‘uﬁﬂ-*Bw (7'[', 7Tk+1) + d#’ﬂ*ek(, 71')7
which concludes the proof.

O

Lemma 15 (fundamental inequality of Sample-Based TRPO.). Let {7}, }r>0 be the sequence generated by Aproximate TRPO
using stepsizes {t }x>o. Then, for all k > 0

tphe (k; A)

tk(l - ,y)(/“};rk - /“};\r*) < d;mr* ((1 - )‘tk)Bw (71'*, 77/6) - By, (7T*,7r;€+1)) + 9 + du,rr*elw
where h,(k; \) is defined in Lemma[22|and €}, := € (-, ) where the latter defined in @7).
Proof. Setting m = 7* in Lemmaand denoting € := e (-, 7*), we get that for any k,
— tpdyr (T;\r*vg’“ - v;r’“)
t2h2 (k; A
< du’ﬂ.*((l — )\tk)Bw (7T*77Tk) — B, (71'*, 7Tk+1)) + %) —+ dllaﬂ'*ek'

Furthermore, by the third claim of Lemma[25]

(1= )0} = 034) = dyoe (T3 055 = 03).

Combining the two relations on both sides we concludes the proof.

F.5 Approximation Error Bound

In this section we deal with the approximation error, the term d,, ~€y in Lemma Two factors effects d,, r«€x: (1) the error
due to Monte-Carlo sampling, which we bound using Hoeffding’s inequality and the union bound; (2) the error due to the
truncation in the sampling process (see Appendix [F2). The next two lemmas bound these two sources of error. We first discuss
the analysis of using an unbiased sampling process (Lemma [I6)), i.e., when no truncation is taking place, and then move to
discuss the use of the truncated trajectories (Lemma . Finally, in Lemma we combine the two results to bound d,, €y in
the case of the full truncated sampling process discussed in Appendix [F2]

The unbiased g-function estimator uses a full unrolling of a trajectory, i.e., calculates the (possibly infinite) sum of retrieved costs
following the policy 7 in the m-th trajecotry of the k-th iteration,

0o
AT . t km _km km,
Q)\k(s'maa'mam) = § Y (C<St pn ) + Aw (St ,7Tk>>,
t=0
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where the notation sff "™ refer to the state encountered in the m-th trajectory of the k-th iteration, at the ¢ step of estimating the

g%+ function. Moreover, (s, @) = (sq’™, ab’™) and ¢3* (s, a,m) = 0 for any (s,a) # (Sm, am)-

The truncated biased g-function estimator, truncates the trajectory after 7" interactions with the MDP, where T is predefined:
T—1

AN irune (8, a,m) = Z 7 (c(siC m fm> + w <sf’m;ﬂ'k))

t=0

The following lemma describes the number of trajectories needed in the k-th update, in order to bound the error to be proportional
to € w.p. 1 — ¢’, using an unbiased estimator.

Lemma 16 (Approximation error bound with unbiased sampling). For any e, 6>0, if the number of trajectories in the k-th
iteration is )
27, (ky A <
M, > Lz) (51og 24 + log 1/5),
€

then with probability of 1 — 5,

€

2’

Ay,

d},b,ﬂ'* €p <ty

v,k lloo

where 1,,(k, \) = Zmlcw and ry,(k,\) = 4AC¢*(1 + 1{\ # 0} log k) in the euclidean and non-euclidean settings respec-
tively.

Proof. Plugging the definition of ey, := € (-, 7*) in (@7), we get,
dﬂyﬂ—* €k
M,

= Zz\iﬁfﬂ(jgs) Zl L{s = s} (tr (AGT* (sms -, 1)+ AVW (805 70)) + Ve (53 Th1) = Voo (8511) 7 (-] 8) =1 (-] 51m)

— Zd“ - (s, ) + AVw (s571)) + Vw (85 m41) — Vw (837) , 7 (- | 8) — g1 (- | 8))
-(5)
7221{8 = sm} Z: (s) (tk (AGY" (8m, s M) +AVW (S5 ) )+ Vw (83 T4 1) = Vew (s5m) , 7| ) = Ths1 (- 8m))
D) e DO (g5 () + AV (570)) + Vo s5mei) = Voo s 77 9) = e (- 9),

where in the last transition we used the fact that for every s # s,, the identity function 1{s = s,,} = 0.

We define,

(AGTF (5my -y m) + AVW (855 k) + VW (Sms Tht1) — Vw (Sms k) (48)

Xi(8m, v m) =ty
tr (a3 (s, )+)\Vw (s;7mk)) + Vw (8;7k11) — Vw (s;7x) - (49)

Xi(s,-) =t (

Using this definition, we have,

o =5 5 10 = 5 2N R ), )~ (] 5)

m=1 s Vﬂ'k()
N e () (X5, ), (| 8) = T (- | ) (50)

In order to remove the dependency on the randomness of 71, we can bound this term in a uniform way:

— gn;elmx{ Z Z s = s} Gy (5) (Kilsmsm), 7 sm) = 7' 5m))

dy, (s)

—de N (X (s ), (| 8) = 7' [ ) }. 51)
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In this lemma, we analyze the case where no truncation is taken into account. In this case we, we will now show that for any 7’

I C)

E Z 1{s = sm} dor (5)

S

<Xk(57~7m)77r*(- | Sm) — | Sm >] Zduﬂ— ),ﬂ-*(. | 3) — 7-(’(. | 8)>,

which means that ﬁk Z 1 s s =sp} d“ = <Xk( m), ™ (- | $m) — 7' (- | sm)> is an unbiased estimator.

This fact comes from the from the following relations:

B 105 = 50 22N R ), w7 ) = (| 3)

dy Tl (3)

=K Elz ]].{S = Sm}cjl‘uL*(s)<Xk(57.vm)77r*(. | S) 77‘(’(. ‘ S)> | Sm‘|‘|

s V, Tk (S)

=3 dume ()X, ), 7 (- | 8) — (- | ), (52)

where the first transition is by law of total expectation; the second transition is by the fact the indicator function is zero for every
S # S the third transition is by the fact s,,, is not random given s,,,; the fourth transition is by the linearity of expectation and
the fact that 7*(- | $,,) — 7(+ | 8y is not random given s,,,; the fifth transition is by taking the expectation of X in the state S,;
finally, the sixth transition is by explicitly taking the expectation over the probability that s, is drawn from d, , in the m-th
trajectory (by following 7 from the restart distribution v/).

Meaning, (51) is a difference between an empirical mean of M), random variables and their mean for a the fixed policy «’, which
maximizes the following expression

du,ﬂwkgrggx{ ZZn{s—sm} () (% (5,mam)w (] 5) = (| )

m=1 s Vﬂ-k(s)

—E

Z I{s = Sm} G 13 <Xk(57 sm), 7 (| s) —'(- | S)>] } 9

B dy (3)

As we wish to obtain a uniform bound on 7/, we can use the common approach of bounding (53)) uniformly for all #’ € Ai
using the union bound. Note that the above optimization problem is a linear programming optimization problem in 7/, where
e Ai. It is a well known fact that for linear programming, there is an extreme point which is the optimal solution of the
problem [Bertsimas and Tsitsiklis, |1997][Theorem 2.7]. The set of extreme points of Ai is the set of all deterministic policies
denoted by 1%, Therefore, in order to bound the maximum in (53)), it suffices to uniformly bound all policies 7/ € 19,
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Now, notice that “ ’“*gzmg <Xk(sm, ), (| Sm) — 7 (-] Sm)> is bounded for all s,,, and 7/,
Tk

<Xk Sy ), 7 (- | 80) = 7' (- | ) )

l/rrk Sm
(sm) i} ) >
= k8m7',m77r | S8m) — T (| Sm
< (o) ( ), 7 (- | 5m) (| sm)
T* Sm ~ N
< [| e o) %) U1 5) = 7 Ll
k(sm) .
<2 o (5m) (sm H
B Vﬂk(sm) o
d .
< 2|2 .
<2 dV,ﬂ'k . (Sma ’m)Hoo
dypne .
=2 dlh itk (AGYF (S, s m) + AVW (Sim: k) + VW (803 Teg1) — Vw (S )|l
v,k oo
dyy .
< 2| (B AGTE (sm ) + AV (53 7)o, + 1V (5 Th41) = Ve (53 7))
v,k |l oo
< 2ty Z“i (Ew(kz;)\)JrQAw(k))
v,k |l oo
dy e )
=22l (tkho (K A) + Aw(k)
=ty ‘ Zﬂi ro(k, A), (54)
v,k |l oo

where the second transition is due to Holder’s inequality; the third transition is due to the bound of the TV distance between
two random variables; the sixth transition is due to the triangle inequality; finally, the seventh transition is by plugging in the

bounds in Lemma and Lemma Also, we defined r,, (k, \) = 4’41077“;“ and r, (k,A) = 4‘41077“;“(1 + 1{\ # 0}logk) in
the euclidean and non-euclidean cases respectively.

Thus, by Hoeffding and the union bound over the set of deterministic policies,

dl" T* E) A Mk-62 N
dur || €Y <oy el|exp< _
o 2 2r,,(k, \)?

P(d,u,rr*ek >ty
dl/,ﬂ'k

In other words, in order to guarantee that

T €
dyre€lp <1 : 5>
pwr €k S Uk e || 2
we need the number of trajectories M, to be at least
2ry,(k, A
My > L(510g 24 + log 1/5)
€2

where we used the fact that there are |T1%| = A deterministic policies.

which concludes the result.

The following lemma described with error due to the use of truncated trajectories:
Lemma 17 (Truncation error bound). The bias of the truncated sampling process in the k-th iteration, with maximal trajectory

D A Coar ACoar
dymy || T Where 7ok, A) = L and ry(k, \) = 2 H’A(l o +1+)\logk)

in the euclidean and non-euclidean settings respectlvely.

length of T = ﬁ log S (Ek7)\) is ty
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Proof. 'We start this proof by defining notation related to the truncated sampling process. First, denote d™ (), the probability

to choose a state s, using the truncated biased sampling process of length 7', as described in Appendix @rkObserve that

T-1

A (s) = (1 =) Y _'plse = s | v,me) + 9 plsr = s | v,m1)
t=0

We also make use in this proof in the following definitions (see (@8] and (@9)),

Kl m) 1= ti (AGT (.7, 1) AV (305 74) ) + Ve (5T 1) = Voo (500 8),
Xi(s,7) ==t (¢} (5,-) + AVw (s; 7)) + Vw (85 m41) — Vw (s378) -

Lastly, we denote the expectation of X}, (s, -, m) using the truncated sampling process as X e (s, -,

X (s, a) = BEXy (s, a,m)

Now, we move on to the proof. We first split the bias to two different sources of bias:

ESng;gg,ck m<xgunc(87 S, | s) =7 (- | S)> —Esnd, ., m<xk(s, S, w(- | s) —7'(- | s))

_ (ES,\,dlmnc *(3)< trunc( 7_)771_(. ‘ S) _ 7T/(- | S)> . Es~d d (S)) <X[l‘unc( s, ) 7T(- | 8) _ 7r/(~ ‘ S)>>

i (8) (s

*| S
+ (Eswd u

() trunc Vol 1s) =71 s)) — du,ﬂ'*(s) s )l 1s)=7(1s
o (5, ) 7| 9) = 71 8)) = Bat o, 0 (57| 9) =)

-
Tk dy (8

The first source of bias is due to the truncation of the state sampling after 7 iterations, and the second source of bias is due to the
truncation done in the estimation of ¢}* (s, a), for the chosen state s and action a.

First, we bound the first error term. Observe that for any s,

T-1
Zld‘V‘“ﬁi dyym, ( |— N AP = s |v,mi) + 7 plsr = s | v,mi) — Z'Ypst_5|V7Tk)
t=0
p(sT =s|v,mp) — Z’YPSt—SWWk)

<> W plsr = s [v,m)| + Y _|(1—7) thp(St =s|v,m)
s s t=T

=Y (s =s[v,m) + D> (1= > 'plsi = s | v,m)

t=T

=" plsr=slvm)+ (L= Y Y plsi=s|v,m)
t=T s

S

<ATHA-9)) A
t=T

— 27 (55)

where the third transition is due to the triangle inequality, the fourth transition is due to the fact that for any ¢, v'p(s; | v, ) > 0
and the sixth transition is by the fact that ) ©_p(s; = s|v,m,) < 1 for any ¢ as a probability distribution.
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Thus,

d, (s)
k d,,ﬂk(s

= Z dyne (s) = do m(s))
< Z|dturu7rrli dy,m, (8)|

(0,71 9) = 9) ~ B, GO0, 1 9) =1 9)

Gox O} (s, . n(- ) = (| 9)

IE trunc
SNdu,‘lr

S

Tk

ad
(
*(
(

)) (X< (s, ), (- | 5) = 7| s>>\

u7rk
d L, (S) unc runc
< max| - <Xg (5,°),m(- | 8) _7" Z\dtmk Vﬂ'k(s)‘
s | dym ()
dy
< 29" |2l max| (X (s, ), w(- | s) = 7(- | 5)))|
V, Tk
du T T
< |- tkrw(k;A)Q’Y )
U,Tk oo

where the fourth transition is by plugging in (33) and the last transition is by repeating similar analysis to (54).

Now, by simple arithmetic, for any € > 0, if the trajectory length 7' > ﬁ log m, we get that the first bias term is
bounded,

d (S d xS
B, (5,1, | 8) =] 90) = B, PN (51,5 5) = 7' 9)
d * €
< || 5 lkg (56)

Next, we bound the second error term.

First, observe that for any s, a,

B e (5, 0,m) = 45 (5,0)|
T
=|E Vi (ee(s,ai) + Aw (s¢57k)) | 50 = 8,00 = a

1

— Elth(ct(st,at) + A (s¢;mk)) | o = 8,a0 = a]

t=0

o~
Il
=)

1
~
L

oo
=|E Y (er(ses ar) + Aw (s 7)) ZWt ce(se,ap) + Aw (s¢3mk)) | so = s,a0 = a]
t =0

Il
=)

(oo}
= |E Z’yt(ct(st,at) + Aw (St;ﬂ'k)) \ So = S,a9 = a]
Lt=T

T Cmax,A
v

T~ (57)

Now,
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Eand, .. ‘jmxk( (- 8) = 7| ) = Eaa . MW& (-] 8) =7 | 8))

dum’* (S) trunc /
,,,,km@k (5,) = X(s,),m(- | 8) =7'(- | 5))

=S e (5) e ) — Xy (5,), (- | ) — (- | )

dy T (3)

= Eswd

< maXM<X;€m"°(S, ) = Xi(s,),m(- | 8) = 7' (- | 3)>

T s dyn(9)
d, o
<ty || I max( X" (s, ) — Xp(s, ), 7(- | s) = 7'(- | 5))
dl’,ﬂk o °
d,, o+
= 1| 2| (B m) — a5 (s, ).7( | ) = | )
V,Tk oo
dlt,‘ﬂ'* TR Tk /
<t | 2 max gD (s om) = a5 (s, )|l 19) = 7 [ 9)ly
U, s o)
<9 ‘ du,ﬂ* tk Cmax,A ’YT
o dl/,‘ﬂ'k 00 1— Y '
where the first transition is due to the linearity of expectation, the third transition is by the fact the summation of d,, ., is convex,

the fourth transition is by the fact Z‘”* 83 is non-negative for any s and by maximizing each term separately, the fifth transition
e

is by using the definitions of X}, and X}, the sixth is using H6lder’s inequality and the last transition is due to (37).

2 Cmax
2 we have that

Now, using the same T, by the fact r,, (k, \) >

(S) trun ’ dﬂyﬂ'* (S) trun ’
Esnd, 4 ﬂk(s)< “(s,),7(- | 8) =7'(- | 8)) — Bondy ., Do (5) (X (s, ), 7m(- | ) — 7' (- | s))
Az
< ‘ St tkf (58)
VU, Tk 8
Finally, combining (56) and (38) concludes the results. O

In the next lemma we combine the results of Lemmas[T6|and [I7|to bound the overall approximation error due to both sampling
and truncation.

Lemma 18 (Approximation error bound using truncated biased sampling). For any e, 5> 0, if the number of trajectories in the

k-th iteration is i /\)2
8ry,(k, ~
e (S log 24 + log 1 /5) ,

and the number of samples in the truncated sampling process is of length

My, >

1 €
T, > 1
F T R Sk A

then with probability of 1 — 5,

€

2 )
and the overall number of interaction with the MDP is in the k-th iteration is
ro(ky A)? (s log A + log 1/8)
(1 =7)e ’

dy, =
du,w*fk gtk —

dyvﬂ—k e}
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where 1., (k, \) = 411410%;“ and r,(k,\) = QAE”,;”’A (1_1>\tk +1+ Alog k) in the euclidean and non-euclidean settings

respectively.

Proof. Repeating the same steps of Lemma|[I6] we re-derive equation (1)),

M,
1 d 77\'*(8) % *
Ay, €k SH}TE}X{E Z Z I{s = SM}m<X’f($"’m)’W (| sm)— 7T/(‘ | 5m)>
m=1 s ’

=3 e ()X, ), 7 ([ 5) = (- | )}

Now, we move on to deal with a truncated trajectory: In Appendix [F2] we defined a nearly unbiased estimation process for

0 ies g SME S 1{s = sm}fl“:; 8 <Xk(s, m), 7 (- | $m) — 7' (- | $m) ) is no longer an unbiased estimator as in

Lemma|I6] In what follows we divide the error to two sources of error, one due to the finite sampling error (finite number of
trajectories) and the other due to the bias admitted by the truncation.

For any 7/, denote the following variables,

V() o= M<Xk<sm,~,m>,w*<- ) — (| )

Y(r') =) dur (8)(Xi(s,), 7 (- | 8) = '(- | 8).

By plugging this new notation in (51)), we can write,

M
1 ~
dy reel < nlrz}x i Z_:lYm(ﬂ") - Y(r')

m=1
| XM
< max i Yoo (') = EY;, (77) + max EY,, (1) — Y (1), (59)
s m—1 s

where the first inequality is by plugging in the definition of Y (7'), Y, (7’) in and the last transition is by maximizing each
of the terms in the sum independently. Note that (1) describes the error due to the finite sampling and (2) describes the error due
to the truncation of the trajectories. Importantly, notice that in the case where we do not truncate the trajectory, the second term
(2) equals zero by (52)). We will now use Lemma[16]and Lemma[T7]to bound (1) and (2) respectively:

First, look at the first term (1). By definition it an unbiased estimation process. Furthermore, by equation (54), Yy, () is
bounded for all s,,, and 7’ by

dyy
Yo (r') <t ‘ ST (kM)
V, Tk fe'e)
Thus by applying Lemma[I6] we get that in order to guarantee that
1 U d €
max - 3 (V) = EVu(n)) <t ‘ . H T (60)
m=1 v, oo
we need the number of trajectories M, to be at least
8., (k,\)? <
My, > Lz) (Slog 2A + log 1/5).
€
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Next, we bound the second term (2). By Lemma|l7} using a trajectory of maximal length — log m the errors due to the
truncated estimation process are bounded as follows,

du,ﬂ*

V, Tk

€
4

o0

< (61)

mz}XEffm(ﬂ") Y (') <ty ‘

Bounding the two terms by (60) and (61), and plugging them back in (59), we get that using Mj, trajectories, where each
trajectory is of length O (- = log €), we have that w.p. 1 — 6

Ay,

dl/ﬂ'l’;C

Ay,
du,ﬂ'k

€

27

Ay,

dp,,ﬂ'* €p <ty
dl’vﬂk

-+t
4+k

6 ’

oy
4_k
oo

oo oo

which concludes the result.

O

So far, we proved the number of samples needed for a bounded error with high probability in the k-th iteration of Sample-Based
TRPO. The following Lemma gives a bound for the accumulative error of Sample-Based TRPO after k iterations.

Lemma 19 (Cumulative approximation error). For any €, > 0, if the number of trajectories in the k-th iteration is

STw(Nv )‘)2
62

My, > (Slog2A +log2(k +1)2/5),

and the number of samples in the truncated sampling process is of length

1 €
T> 1
T 1l—x ©8 8y (ky )’

then, with probability greater than 1 — 9, uniformly onallk € N,

Zduﬂ*€k< 6/2 ’

where 1, (k,\) = 4‘410%”;“ and ry,(k,\) = 4AC#”(l + 1{\ # 0} log k) in the euclidean and non-euclidean settings respec-
tively.

—T Ztlw

0 k=0

Proof. Using Lemma with § = % (k%)i’ and the union bound over all k£ € N, we get that w.p. bigger than

oo

6
> e~ 0 e
for any k, the following inequality holds
d <t dﬂvﬂ'* €
€ < — | =.
s k k dl/,7l'k - 9

where we used the solution to Basel’s problem (the sum of reciprocals of the squares of the natural numbers) for calculating
Yito g

Thus, by summing the inequalities for £k = 0, 1, ..., N, we obtain

Zduﬂ-*ek< Ztk

V“k oS

Sp,m* du,-rr*

Si

= ‘ , we have that w.p. of at least 9,
5

oo
Zd,m*ek< <2 ’ S
0 k=0

Lastly, by bounding 72 /6 < 2 we conclude the proof.

Now, Using the fact that ‘

V’Wk, 0o

Qp,m
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We are ready to prove the convergence rates for the unregularized and regularized algorithms.

F.6 Proof of Theorem M

For the sake of completeness and readability, we restate here Theoremd] this time including all logarithmic factors, but excluding
higher orders in A (All constants are in the proof):

Theorem (Convergence Rate: Sample-Based TRPO). Let {7 }r>0 be the sequence generated by Sample-Based TRPO, using

My, > “(N \)° (S log2A + log (k + 1)2/60) trajectories in each iteration, and { j1vj,, } >0 be the sequence of best achieved

values, ,uvbest = argming—o,... .y pv)\" — pvx. Then, with probability greater than 1 — § for every € > 0 the following holds for
all N > 1.

.....

1. (Unregularized) Let A = 0, t), = % then

Mvﬁst - /”LU*
(CWJ Chax(Cou 3 +log N) L O™ ¢ )
(1-)VN (=7

<O

2. (Regularized) Let A > 0, t = W then

C? . C 5 C )\2 IOgN C‘“—*e
N * < w,l1Yw, max, )
HUpest — HUN = O( N1 —7)3N + (1—~)2

Where Cy, 1 = VA, A Cuo=1,Cuhs = 1,1,(k,\) = 4Aci*for the euclidean case, and C,,; = 1,C,, 2 = A2 ,Cus =
log A, r,(k,\) = 4AC¢”(1 + 1{\ # 0} log k) for the non-euclidean case.

Finally, we prove the rates for each of the cases:

The Unregularized Case

Proof. Applying Lemma|[I5]and A = 0 (the unregularized case),
te(1 =) (o™ — po”)

2h2
Sdp,”n‘*(Bw (’/T*”]Tk)—Bw (ﬂ-*,ﬂ—k‘Jrl))—’_ 2 +d#7r*€k;
Summing the above inequality over k = 0,1, ..., N, gives
N
Ztk(l — ) (po™ — po*)
k=0
2n I
< du,Tr*Bw (ﬂ-*a 770) - du Tr*B (Tl' 7"-N-i-l + Z Z du,ﬂ'*ek
k=0 k=0
N y2p2 N
< dyn By (7 ,770)—1—2 k_w —&—Zdﬂﬂ*ek
k=0 k=0
PSS NS yras
k=0 k=0

where in the second relation we used B,, (7%, my41) > 0 and thus d, +B,, (7%, mx4+1) > 0, and in the third relation Lemma
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Using the definition of v{Y , we have that

N N
Py = v) D e <D (™ — o),

and by some algebraic manipulations, we get

* 1 k=0
[Vt — 10 S <
>tk
k=0
h2 N, 2
1 Dw+7w Ztk 1 Zduﬂ-*ek
k=0
= + s
1—~ N 1—vy X
>t >t
k=0 k=0
. . . . 1
Plugging in the stepsizes t, = v we get,
N N
h 2DUJ + Z % 1 E dll/77'r* €k
N * w k=0 k=0
HUpest — HU §1_7 N +1—’Y N .
2y 3 >tk
k=0 vk k=0
Bounding the sums using (Beck, 2017, Lemma 8.27(a)) yields,
N h, D, +logN
v — pv* < O T ~ Zduﬂ*ek
v Z 1 Zk ol
i=o vk

Plugging in Lemma we get that for any (¢, ¢), if the number of trajectories in the k-th iteration is

w(V,A)?
My > T(2772>\)(Slog2A+log7r2(k +1)%/60),
€

then, with probability greater than 1 — ¢,

h, D, +logN 1 € *
N * w w ,u T
HUpest — HU <0 + ti |
- S e i I
K=o Vk
4A Chax, 2 4A Cmax A

where 7, (k, A) = =2 and 7, (k, A) = (14 1{X # 0} log k) in the euclidean and non-euclidean settings respec-
tively.

By rearranging, we get,

ho D, +logN € dyy
N * w w T
HUpest — 0™ < O +
best 1- Y % 1 (1 - 7)2 v oo
=0 3



Thus, for the euclidean case,

Crax VAlog N n 1
(1—7)2VN  (1—9)?

Ay

14

[iUpest — p0* < 0( 6>,

and for the non-euclidean case,

. Crax(log A + log N 1 dyy e
HUpest — 110 §O< e 5 )+ 5 || 6>.
TSN R R N
O
The Regularized Case
Proof. Applying Lemma and setting ¢, = m, we get,
1- Y (//L’Uﬂ-k _ ILL’UW*)
Ak +2) A A
1 h2 (k; \)
<d,.|(1—-—-—=)B, (7", — B, (7", Tt b,
<d,, <( (k+2)) (7", 7k) (7 m+1)) + 2k 1 2)2 + dy €l
E+1 h2(N;\)
< d * 7BOJ *) - BUJ *7 A\ /1. 1 oo d T* )
> Ay, </€+2 (71— 7Tk7) (7‘(’ 7rlc+1)> 2)\2(/€+2) + w,m* €k

where in the second relation we used that fact h,,(k; \) is a non-decreasing function of k for both the euclidean and non-euclidean
cases.

Next, multiplying both sides by A(k + 2), summing both sides from k£ = 0 to NV and using the linearity of expectation, we get,

N
x \ . h2(N; )
kzzo(l =) (pvyt = py) < dye (Bo (77, m0) — (N 4+ 2) By, (1%, v 41)) + Z Ak +2) +Z)\ k+2)d, xe€
< dy B, (7" +ZM+§:)\(k+2)d
TR T, 7o) 2)\(k+2) 2 7 €k

h2(N;\)
<D, g E 2 .
+ 2)\k+2 + )\k-‘r )duﬂek

h2(N; \)
:Dw+22)\k+2 Z R

where the second relation holds by the positivity of the Bregman distance, the third relation by Lemma[24]for uniformly initialized
7o, and the last relation by plugging back 5 = 5 =) +2) in the last term..

Bounding Zszo %4-2 < O(log N), we get

N
D, , h(N:NlgN = 1
vi* — vy <O + d ar €
kzzoﬂ)\ KUy ((1_,)/) )\(1_7 1_ Z o, k

N
By the definition of vy, which gives (N + 1) (uvfly — pv*) < 3 pw™ — pw*, and some algebraic manipulations, we obtain
k=0

43



D BL(N:\)log N 1 &
N * < O w w ’ - . )
HUpest HUN = ((1 — ’}/)N + )\(1 — ’Y)N N kz 7 €k

Plugging in Lemma we get that for any (e, §), if the number of trajectories in the k-th iteration is

ro(k, )2
My, > (272) (Slog2A4 +logm*(k + 1)%/66),
then with probability of at least 1 — 4,
D h2(N; \) log N e dyn >
N * w w ) L, T
IUpest — MUY < O( .

bt A I-9N " AL-nN  1-22] v

where 7, (k, \) = 4’410& and r,(k,\) = 4AC¢”(1 + 1{X # 0} log k) in the euclidean and non-euclidean settings respec-

tively.

By Plugging the bounds D,,, h, and Cpax,x, we get in the euclidean case,

2 2
N * (Cmax +A )A IOg N 1 d'LL,W*
UVpest — VY < O + €el,
best 1102 ( AMI-PN -2 e |
and in the non-euclidean case,
C2. 4 Alog® A)A%log® N 1 dyy e
N * < O ( max M,
HUpest — HUN = A(l o ,_y)3N + (1 — 7)2 |y - €l

F.7 Sample Complexity of Sample-Based TRPO

In this section we calculate the overall sample complexity of Sample-Based TRPO, i.e., the number interactions with the MDP
the algorithm does in order to reach a close to optimal solution.

d

‘ 5 approximation error, we need M >
oo

o
v

By Lemma (19 in order to have

1
(1-7)2
O(M(Slog 2A +log (k +1)%/ 6)) trajectories in each iteration, and the number of samples in each truncated

trajectory is Ty, > O( log -~ )\)) where 7, (k, \) = 4’410%:“(1 + 1{X # 0} log k) in the euclidean and non-euclidean
settings respectively.

Therefore, the number of samples in each iteration required to guarantee a ~—-— Guxt |l error is
(1—7) V|l 2
rw(k, A2 log —5
[CANAS) 7w (k) 2
0] Slog2A +log (k+1)°/6) |.
( = (Slog2A +log (k +1)%/6)

The overall sample complexity is acquired by multiplying the number of iterations /N required to reach an = 2 = optimization
error multiplied with the iteration-wise sample complexity, given above. Combining the two errors and using the fact that
C™ > 1, we have that the overall error

2 « € 1 .

1 s _° T - 7r6
(1—7)? (HC )2_(1—7)20 2 a0 ¢

In other words, the overall error of the algorithm is bounded by ﬁm* €

Finally, the sample complexity to reach a WC’T* e error for the different cases is arranged in the following table (the complete
analysis is provided the the next section):
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Euclidean

Non-Euclidean (KL)

: Acq A*Cq
Unregularized | ——; (log |T1%!| + log 3) e (log |T1%!| + log 3 )
. A% det 1 ATChua det 1

The same bound for CPI as given in [Kakade et al., 2003 is

AQCI‘;a 1
— TmaxX | og |T1%Y + log =
s (o + o )

where we omitted logarithmic factors in 1 — v and €. Notice that this bound is similar to the bound of Sample-Based TRPO
observed in this paper, as expected.

In order to translate this bound using our notation bound, we used [Kakade et al., 2003][Theorem 7.3.3] with H = ﬁ which

- Tdet 1
states that in order to guarantee a bounded advantage of for any policy 7/, A, (v, ") < (1 — 7)e we need O (%)

samples. Then, by [Kakade and Langford, [2002][Corollary 4.5] with A (v, 7") < (1 — v)e we get that (1 — ) (pv™ — pv*) <
Lo ‘ . Finally, the C4

e || du.r*

T * €
T ’m’o““’ TS Gy
the maximum reward is Cypax. We get C2, from number of iterations needed for convergence, and the number of samples in
each iteration is also proportional to C2,

max factor comes from using a non-normalized MDP, where

v v

The Unregularized Case

The euclidean case: The error after [V iterations is bounded by

Cinax VAlog N 1
(1-7)2VN  (1-7)?

[Uhes — 0™ < 0(

Thus, in order to reach an error of ﬁC ™ € error, we need

2
N S O<Cmax"élog6>.

€

Thus, the sample complexity to reach WC’”* € error when logarithmic factors are omitted is

~ A3CH4 1
max 1 Hdet 1 -
O<(17)364<0g| |+Og5>>

The error after NV iterations is bounded by
Cox(log A +logN) 1
(1-7)VN

The non-euclidean case:

e — HU* < 0<

Thus, in order to reach an error of ﬁC” € error, we need

2 2 2
N<O<Cmaxlog Alog e>‘

€2

Thus, the sample complexity to reach WC’”* € error when logarithmic factors are omitted is

- [ AC, 1
max 1 Hdet 1 -
O<(17)364<0g| |+Og5>>
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The Regularized Case

The euclidean case: The error after [V iterations is bounded by

C? Alog N 1 dy| €
N * < max, A LT €
HUpest HUN > O( )\(1 . ’7)3N + (1 _ ’7)2 v ) )

C™ ¢ error, we need

N< O(Ciax)\Aloge)

Thus, in order to reach an error of ﬁ

Al —)e

Thus, the sample complexity to reach ﬁC”* € error when logarithmic factors are omitted is

[ A3C:E 1
O —=2(log [TI*'| + 1o )
(A(l_weg( 11+ log 3

The non-euclidean case: The error after [V iterations is bounded by

log A C2,, A?log’ N 1 | dua
ol — v < O 1 — 1 I T
(1—-~)N A1 —=7)3N (1—7) vV |l 2
Rearranging, we get,
2. +M\2log? A)A?log® N 1 - €
N <0 ( max BT —
HUpest — HUX = M1 —~)3N * (1 — )2 V s 2’
which can also be written with C?nax, N
2 A?log® N 1 7
N e o o Smaxa CIuM | Py
HUpest HUN = )\(1 _ 7)3N + (]_ _ 7)2 v €

Thus, in order to reach an error of ﬁC” € error, we need

N<O~ Cr2nax,)\A2
- A1 =) )’

omitting logarithmic factors.

Thus, the sample complexity to reach WC”* € error when logarithmic factors are omitted is

[ A*C: 1
O ——==—(log I + 1o )
(A(l_weg( 11+ log 3

G Useful Lemmas

The next lemmas will provide useful bounds for uniform and Sample-Based TRPO. In this section, we define ||-||, to be the dual
norm of [|-|.

Lemma 20 (Connection between the regularized Bellman operator and the g-function). For any w, 7’ the following holds:

(@ + AVw(m), 7' —7) = TF ] — v} = ABy, (¢, 7)
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Proof. First, note that for any s
(@X(s,-), 7' (- | 8))
=> w(a|s)qi(s,a)

=Y (a|s)|clsa +vzp 'Is,a)v )
:Zw’(a| c(s,a) + dw (s;7) +'yZp (s'|s,a)v )
~Y (el s)

~Y (el s)
—c;(s)+7P”v/\ )+ Aw (s;m) — Aw (s57)

Tflvf(s) + dw (8;7) — dw (s;7),

where the second transition is by the definition of g7, the third is by the definition of c¥, the fourth is by adding and subtracting
Aw (s;7"), the fifth is by the fact Aw (s; ') is independent of a and the seventh is by the definition of the regularized Bellman
operator.

c(s,a) + dw (s;7') — )\w(s;w’)+)\w(s;7r)+vzp(s'|s,a)v§>

s/

/\/\/\/\

c(s,a) + Iw (s; 7’ +'yZp (8'|s,a)v >+)\w(s7r) Aw (s;7)

ry

Thus,
(5, 7) = T3 05 + Awo(m) — Aw()
Now, note that by the definition of the g-function (¢%, 7) = v{ and thus,
(@, 7 =) = TF v — of + Aw(m) — Aw(r).
Finally, by adding to both sides (A\Vw(), ®" — 7), we get,

(qF + AVw(r),n — ) = T vf — v 4+ Aw(r) — dw(r’) + M(Vw(r), 7’ — ).

To conclude the proof, note that by the definition of the Bregman distance we have,

(¢F + AVuw(r),n — ) = T v} — o] — AB,, (v, 7).

O
Lemma 21 (Bounds regarding the updates of Uniform TRPO). For any k > 0 and state s, which is updated in the k-th iteration,
the following relations hold for Uniform TRPO (21)):

I ||Vw(me (), < O1) and ||Vw(mr(-|s)], < O(%lf;‘;;k), in the euclidean and non-euclidean cases, respec-
tively.

2. 13" (s,9)ll, < he, where h, = O(ﬂ%'fy““) and h, = O(Cl’”f”,;) in the euclidean and non-euclidean cases,
respectively.

3 5" (5,7) + AVeo(mu(Js)) < hs(ks A), where b (ki A) = O(Y5E22 ) and (ks 3) = O( e (A oE)

1—y
in the euclidean and non-euclidean cases, respectively, and 1{\ # 0} = 0 in the unregularized case (\=0) and

1{\ # 0} = 1 otherwise.

Where for every state s, ||-||, denotes the dual norm over the action space, which is Ly in the euclidean case, and Lo, in
non-euclidean cases.
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Proof. We start by proving the first claim:

For the euclidean case, w(-) = 1 ||- Hg Thus, for every state s,

2
V@ ([s)lly = [ImCls)lly < ll7([s)lly =1,
where the inequality is due to the fact that ||-||, < ||-[|;.

The statement holds by the properties of 1 |- ||§ and thus holds for both the uniform versions.

For the non-euclidean case, w(-) = H(-) + log.A. Now, consider Uniform TRPO (21). By taking the logarithm of (26}, we
have,

log 7. (a | s) =logme—1(a | s)
—th-1(g3" ' (s,a) + Mogmp—1(a | s))

— log (Z me—1(a’ | s)exp(—tp—1(qy" " (s,a’) + Aogm_1(a’ | s)))) . (62)

a’

Notice that for k& > 0, for every state-action pair, ¢}* (a|s) > 0. Thus,

log <Z7Tk(a/ | s) exp(—ti(qy*(s,a’) + Alog mi(a’ | 5)))) < log <Z me(a” | s) exp(—tpAlog mi(a’ | 5)))

a’ a’

=log <Z m(a | s)ymp M (a | 3)) (63)

Where the first relation holds since ¢ (s, a) > 0. Applying Jensen’s inequality we can further bound the above.

1
= 1og <AZ Zﬂ}i_)\tk (U,/ | S))
1
= 1og <AZ Zﬂ'}i_)\tk (U,, | S))
1 1—Aty
<log| A (Z Zﬂkz(a/ | 5))
1 1—Aty
=log| A (A Zwk(a' | s))

1 1—MXtg
= log (A (A> ) = log(AM*) = Aty log A. (64)

In the third relation we applied Jensen’s inequality for concave functions. As 0 < 1 — My < 1 (by the
choice of the learning rate in the regularized case) we have that X'~*** is a concave function in X, and thus

i
Zf,:l %ﬂ,ﬁ_’\t"(a’ | s) < (Z;‘,:l Lmp(a | s)) by Jensen’s inequality. Combining this inequality with the fact that A is
positive and log is monotonic function establishes the third relation.

Furthermore, note that for every k, and for every s, a

log 7 (als) <0 (65)
Plugging and (63) in (62), we get,
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logmi(a | s) > logme—1(a | s) —tp—1(q" ' (s,a) + Alog A)

k-1
> logmo(als) — > tr(g}i (s, a) + Aog A)
i=0

C k-1
—log A — (mx)‘ + /\logA> Zti
1—x i=0
k-1

Cmax)\ 1
=—logA— | —— +1logA
°8 (A(17)+Og ;z‘+2

Y

v

Cmax)\ )
—logA— | —+1logA | (1+1logk
g (A(l_v) gA ) ( g k)

_Cmax +3Xlog A

- AL —=7)
_ 3Cmax,)\
A1 =)

where the second relation holds by unfolding the recursive formula for each & and the fourth by plugging in the stepsizes for the

regularized case, i.e. ty = m The final relation holds since Cpnax x = Cmax + Alog A.

(1+logk)

(1+logk), (66)

To conclude, since log mx(a | ) < 0and Vw(r) = VH(7) = 1 + log 7w, we get that for the non-euclidean case,

Cmax)\
Vw(m <O —— .

This concludes the proof of the first claim for both the euclidean and non-euclidean cases, in both exact scenarios. Interestingly,
in the non-euclidean case, the gradients can grow to infinity due to the fact that the gradient of the entropy of a deterministic
policy is unbounded. However, this result shows that a deterministic policy can only be obtained after an infinite time, as the
gradient is bounded by a logarithmic rate.

Next, we prove the second claim:

It holds that for any state-action pair ¢}* (s, a) € {0 M}

LA p——
For the euclidean case, we have that

_ \/Zcmax,k

lgx" (s, ), = llgx" (s, )l < —

For the non-euclidean case, we have that

Cmax A
T . — Tk . < >
g5 (s, )l = Nlax" (s, Mloo < 77 "
which concludes the proof of the second claim.

Finally, we prove the third claim: For any state s, by the triangle inequality,

lax" (s, ) + AV (mr(-[s)I, < llgx* (s, Il + A Vwlme(ls))l,

by plugging the two former claims for the euclidean and non-euclidean cases, we get the required result. O

The next lemma follows similar derivation to Lemma[2T] with small changes tailored for the sample-based case. Note that in the
sample-based case, and A factor is added in claims 1,3 and 4.
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Lemma 22 (Bounds regarding the updates of Sample-Based TRPO). For any k > 0 and state s, which is updated in the k-th
iteration, the following relations hold for Sample-Based TRPO (@3)):

1 [ Veo(me(ls))ll, < O(1) and |[Veo(mi(|3))]], < O(AGmlosk

tively.

), in the euclidean and non-euclidean cases, respec-

2. a3 (s,9)ll, < he, where hy, = O(ﬂ%;“”) and h, = O(Cl%“w*) in the euclidean and non-euclidean cases,

respectively.
Tk . . _ VA Car . _
3. 1aX" (s, -) + AVw(mr(:]s))]l, < hy(k;N),  where  hy,(k; N = 0(7177 ) and h,(k; N =
O(Cwu,x(l-ir]ll{jjo}‘“og k)) in the euclidean and non-euclidean cases, respectively, and 1{\ # 0} = 0 in the

unregularized case (A=0) and 1{\ # 0} = 1 in the regularized case (\ > 0).

< hy(ksN), where hy(k;)) = O(M) and hy,(k;)) =

1—y
O(AC'”“X’*(lt]l_g)‘io} log k)) in the euclidean and non-euclidean cases, respectively, and 1{\ # 0} = 0 in the un-

regularized case (A\=0) and 1{\ # 0} = 1 in the regularized case (A > 0).

4. ||qu\l'k (57 '7m) + /\vw(ﬂk('|s))

oo

Where for every state s, ||-||, denotes the dual norm over the action space, which is Ly in the euclidean case, and L, in
non-euclidean cases.

Proof. We start by proving the first claim:

. . . . 2
For the euclidean case, in the same manner as in the Uniform case, w(-) = 3 ||-||3. Thus, for every state s,

[IVw(m(s)lly = [Im(-[s)lly < Im([s)lly = 1,

where the inequality is due to the fact that ||-||, < ||]|;.

For the non-euclidean case, w(-) = H(-) + log.A. The bound for the sample-based version for the non-euclidean choice of w
follows similar reasoning with mild modification. By {#2)), in the sample-based case, a state s is updated in the k-th iteration
using the approximation of the ¢}* (s, a) in this state,

Cmax,A

AT ke M J— J—
AZM 1{s = Sm,a = am }45" (5m,,m) < AY i Hs=sm,a= am}71,7 < A Crax 2

m=1

e ar= ") . ) A

where we denoted n(s) = > n(s,a) the number of times the state s was observed at the k-th episode and used the fact
4\*(Sm, -, m;) is sampled by unrolling the MDP. Thus, it holds that

Acmax,)\
1—7v °

Interestingly, because we use the importance sampling factor A in the approximation of ¢}*, we obtain an additional A factor.
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Thus, by repeating the analysis in Lemma 21} equation (66)), we obtain,

os(ri(e | ) > og(mi-a | ) - i1 (5 (s,) + Alog A)

> log mo(als) th (s,a) + Alog A)

Y

A max, =
—logA—< ¢ ’\+>\10gA) t;
1—7 g

i=
k—1

Acmax)\ 1
Clog A — [ SmaA 400 4) ST
= (N2 )

Acmax)\ )
—logA— [ ———= +1logA|(1+logk
g ()\(1 5y Tloe ( g k)

7ACmax +3AMlog A
- A1 —=7)
_3A Cmax,)\
A1 —=7)’

where the second relation holds by unfolding the recursive formula for each k and the fourth by plugging in the stepsizes for the
regularized case, i.e. t = The final relation holds since Cpax,x = Cmax + Alog A. Thus,

v

(1+logk)

(67)

,\(k+2)

3A Cmax,)\
AL =7)

This concludes the proof of the first claim for both the euclidean and non-euclidean cases.

log(my(a | s)) > — (1+logk),

As in the uniform case, in the non-euclidean case, the gradients can grow to infinity due to the fact that the gradient of the entropy
of a deterministic policy is unbounded. However, this result shows that a deterministic policy can only be obtained after an
infinite time, as the gradient is bounded by a logarithmic rate.

Next, we prove the second claim:

It holds that for any state-action pair ¢}* (s, a) € [0, Clm'_“‘;y* } .

For the euclidean case, we have that

\/Zcmax,/\
1—v

llgx" (s )l = llax® (s, )ll, <

1—v

Z (Cmax,)\ ) 2 _
acA

For the non-euclidean case, we have that

: Crax,
a3 (5l = a5 (5, ) g < 7252

which concludes the proof of the second claim.

Next, we prove the third claim: For any state s, by the triangle inequality,

lgx" (s, ) + AVe(mr(ls))l, < llax" (s, )l + A Velm(ls))ll.

by plugging the two former claims for the euclidean and non-euclidean cases, we get the required result.

Finally, the fourth claim is the same as the third claim, but with an additional A factor due to the importance sampling factor,

IAGR" (s, -,m) + AVw(m(-]s)ll o < ANGR" (5, m)ll o + AV (mr(-ls))lo
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Using the same techniques of the last lemma, we prove the following technical lemma, regarding the change in the gradient of
the Bregman generating function w of two consecutive iterations of TRPO, in the sample-based case.

Lemma 23 (bound on the difference of the gradient of w between two consecutive policies in the sample-based case). For each
state-action pair, s, a, the difference between two consecutive policies of Sample-Based TRPO is bounded by:

IVeo(mirs) = Veolm)ll e e < Au(),

A2 Cpan A Cparx log k . . . .
where A, (k) = tk.ﬁ’A and A, (k) = t 7*7% in the euclidean and non-euclidean cases respectively, k is the
iteration number and ty, is the step size used in the update.

Proof. In both the euclidean in non-euclidean cases, we discuss optimization problem (43) for the sample-based case. Thus, for
any visited state in the k-th iteration, s € S%; := {s eS: Y M 1{s =5} > 0} by @2)

’\7Tk( ) I AZ?nlzl I].{S = Sm,a = am}@ik(sm» '7m) < Azm 1 ]1{8 =38m,a = am} — < ACmax,)\
n(s) - n(s) T ol-y7

ax

where we denoted n(s) = > n(s,a) the number of times the state s was observed at the k-th episode and used the fact
43" (8m, -, m;) is sampled by unrolling the MDP. Thus, it holds that

A Cmax,)\

ATl <
Q)\ (S,CL) — 1 —

Interestingly, because we use the importance sampling factor A in the approximation of ¢}*, we obtain an additional A factor.

First, notice that for states which were not encountered in the k-th iteration, i.e., all states s for which Zn]\le I{s=sm} =0,
the solution of the optimization problem is 7x41(- | s) = mi(- | 8). Thus, Vw (s;mr41) = Vw (s;7) and the inequality
trivially holds.

We now turn to discuss the case where Z L 1{s=s,,} > 0,ie., s € Sk, We separate here the analysis for the euclidean
and non-euclidean cases:

For the euclidean case, w(-) = 1 |- Hg Thus, the derivative of w at a state s is,
Vw(s;m) =x(-]s). (68)

By the first order optimality condition, for any state s and policy T,

(Vw (simrg1) = Vw (s570), mepa (- | 8) = m) S (@3 (5,) + AVw (s578) s 7 = Trga (- | 9))-
Plugging in 7 := 7 (- | s), we get

(Vw (s57m41) = Vo (85m8) s Tepa (| 8) = me(- [ 9)) < E(R" (s, ) + AV (85m0) , 7 (- | 8) = mega (- | 9))-
Plugging in (68)), we have that
(Vw (83 mp11) — Vw (5;7k) , Vw (83 Tp1) — Vw (8578)) < 6e(@3F (8, -) + AVw (s 7) , T (- | 8) — g1 (- | 5)),
which can be also written as
IV (5 m41) = Ve (sim0) I3 < 8 (03 (5, ) + AVw (sim) s (- | 8) = T (- | 5)-
Bounding the RHS using the Cauchy-Schwartz inequality, we get,
IV (5 1) = Voo (simi)lla < 163 (5, ) + AV (sim) |y (- [ 8) = misa (- 9)]l

which is the same as

IV (5 m41) = Ve (s;m0) I3 < 163 (5, ) + AV (s:m) |y [ Ve (55 7041) = Voo (5578 4
Dividing by ||Vw (s; T,+1) — Vw (s; )|l > 0 and noticing that in case it is 0 the bound is trivially satisfied,

IVw (85 7h41) = Ve (sim0)lly < (1G5 (5, ) + AV (s578) 5 -
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Finally, using the norm equivalence we get,
[V (5;7h41) = Vw (85m0) || oo < [V (85 7011) — Vo (s;mx)lly < 2 (133" (s, ) + AV (s;m) ], -

Using the fourth claim of Lemma (in the euclidean setting), and the fact the this inequality holds uniformly for all s € S,
concludes the result.

[

For the non-euclidean case, w (s;7) = > m(a | s)log7(a | s). Thus, the derivative at the state action pair, s, a, is
Va(alsyw (s;m) =1 +logn(a | s).
Thus, the difference between two consecutive policies is:
Vi (als)@ (83 Th41) = Vi, ()@ (83 7%) = log mpy1(a | ) —logmi(a | s)

Restating (62),
log mg+1(a | s) =logmi(al] s)
— t1(43" (s,a) + Alogmi(a | s))

— log (Z mr(a’ | s) exp(—tx(Gy" (s,a’) + Aog i (a’ | s))))

a/
First, we will bound log 7511 (a | s) — log 7k (a | s) from below:

Similarly to equation[64] bounding the last term in the RHS,

log (Z me(a’ | s)exp(—te(dy* (s, a") + Nog mi(a | 5)))) < tgAlog A.

a

Together with the fact that Aty log 7. (a | s) < 0, we obtain,
A Cmax,)\
L=y

A Crax
+/\10gA> > —2tk%w,

logmiyi(a|s) —logm(a|s) > —tk(dy" (s, a) + Alog A) > —tk< -

where the last relation is by the definition of Cax,x
Next, it is left to bound log 741 (a | s) — log i (a | s) from above. Notice that,

log (Z (' | 5) exp(—t (@ (5, ) + Mogm(a' | s>>>> > log 3 mi(d | ) exp(—tkACfay ~ Atglogn(a'| s>)

’ ’ 1
a a
ACm X
> IOgZWk(a/ | 5) exp (‘tkl_a,y’)\>

A Crax
= longk(a’ | s) + log exp (—tklfiy’)‘)

a’

A Chay

where in the first transition we used the fact that in the sample-based case [|Gy* || . < 1_,;’* due to the importance sampling

applied in the estimation process, in the second transition we used the fact that the exponent is minimized when Aty log 7(a’|s)
is maximized and the fact that log 7(a’[s) < 0, and the last transition is by the fact ) _, m(a’[s) = 0.

Thus, we have

AC
logmia(a | 5) ~logm(a | 5) < —tx(G5* (5,0) + Alogmi(a | 8)) + tx 22
Acmax)\
<tp———= — Milogmi(a | s
o (als)
Acmax)\ Acmax +2A)\10gA
<t =+ Aty 1+logk
1—ry A=) )
< ¢, A4 Cmax logk
<tg [ ;
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where the third transition is due to (67), and the last transition is by the the definition of Cyax x-

Combining the two bounds we have,

ACde Acmax
*thliA <logmii(al|s) —logm(a|s) < 4tk177>\ log k
— 5 _
AC AC
e —op, mmA o +logmpt1(a] s) — (1 —logmi(a|s) < 4tk%ax’>‘10gk
- -7
A Crax A Cinax
= _2tk% < V.,rkJrl(a‘s)w (s;Tht1) — Vﬂk(a‘s)w (s;mr) < 4tk‘?a,y,>\ log k,

which concludes the proof.

O

Lemma 24 (bounds on initial distance D). Let mg be the uniform policy over all states, and D, be an upper bound on
max; || By, (7o, ) i.e., maxy || By, (mo, )| < Dy, Then, the following claims hold.

Hoo’
I Forw(-) =13 D, = 1.

2. Forw(-) = H(-), D, = log A.

Proof. For brevity, without loss of generality we omit the dependency on the state s. We start by proving the first claim. For the
euclidean case,

1
Buy (v, m0) = 5 Il = ol
1
=5 (m(@) — 5
GEr@Y
B 2 a a A2
11 )
=351 + 3 ; m(a)
1 1 1 1
< 4= = 4=
24" 2;”(‘1) 24
where the fifth relation holds since 22 < z for 2 € [0, 1], and the sixth relation holds since 7 is a probability measure.

For the non-euclidean case the following relation holds.
B, (7777T0) = dKL(7T||7T0)
= Z )log Am(a)
= Z )logm(a) + Z )log A
—Z )logm(a +10gAZ7ra

:H( )+ log A,

where H is the negative entropy. Since H () < 0 we get that B, (7, 79) < log A and conclude the proof.

O

The following Lemma as many instances in previous literature (e.g., [Scherrer and Geist, |2014]][Lemma 1]) in the unregularized
case, when A = 0. Here we generalize it to the regularized case, for A > 0.
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Lemma 25 (value difference to Bellman differences). For any policies m and 7', the following claims hold:
1. v —of = (I —yP™)"YTF vf —vf).

2. TF vf —of = (I —vP™)(v] —v]).
3. (v =) = 5w (TF 0T — ).

Proof. The first claim holds by the following relations.

v =0k = =y PT) e} — (I = PT)THI =P )}
= (I =yP")7 N +P™ vl —f)
= (I —P7)"HIT v] — v]).

The second claim follows by multiplying both sides by (I — 'yP”/). The third claim holds by multiplying both sides of the first
claim by £ and using the definition d,, - = (1 — v)p(I — AP O

H Useful Lemmas from Convex Analysis

We state two basic results which are essential to the analysis of convergence. A full proof can be found in [Beck, |[2017].

Lemma 26 (Beck 2017, Lemma 9.11, three-points lemma). Suppose that w : E — (—o0, 00| is proper closed and convex.
Suppose in addition that w is differentiable over dom(Ow). Assume that a,b € dom(0w) and ¢ € dom(w). Then the following
equality holds:

(Vw(b) — Vw(a),c — a) = B, (c,a) + B, (a,b) — B, (¢, b).

Theorem 27 (Beck 2017, Theorem 9.12, non-euclidean second prox theorem).
e w:E — (—o00, 0] be a proper closed and convex function differentiable over dom(Ow).
e ¢y : E — (—00, 00| be a proper closed and convex function satisfying dom(v)) C dom(w).
® W+ Ogom(y) be o-strongly convex (o > 0).

Assume that b € dom(0w), and let a be defined by

a = argmin, g {¢(x) + B, (x,b)}.

Then a € dom(0w) and for all u € dom(v),
(Vw(b) = Vw(a),u —a) < ¢(u) - ¢(a).
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